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Tyrimo objektas:
– Fiksuotos bazės daugiaskaliarinės daugybos 

algoritmai mažiems uždaviniams, kurie našumui 
pagerinti naudoja išankstinius skaičiavimus. 

Tyrimo tikslas:
– Ištirti krepšelių metodo efektyvumą mažai 

daugiaskaliarinei daugybai, kai taikomi išankstiniai 
skaičiavimai, ir pasiūlyti šio metodo našias 
modifikacijas.

–
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Rezultatai
● sukurti nauji efektyvūs išankstiniais skaičiavimais 

pagrįsti Pippengerio algoritmo variantai;

● įgyvendinti algoritmai vieningoje programinėje 
sistemoje, palaikančioje kelias ECC bibliotekas, kad jų 
vertinimas būtų tikslus ir atkuriamas;

● ištirtas siūlomų variantų našumas, palyginant juos su 
kitais algoritmais.
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Plano vykdymo suvestinė
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Mokslinių tyrymų etapai
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Mokslinių tyrimų etapai



  8 / 28

Mokslinių tyrimų etapai
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Likę darbai

Sulaukti įteiktų straipsnių (CA WoS žurnaluose su 
citavimo rodikliu) recenzijų ir pakoreguoti straipsnius 
pagal recenzentų pastabas.
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KZG10 Polynomial Commitments: 
Trusted Setup
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KZG10 Polynomial Commitments: 
Commitment
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Multi-Scalar Multiplication: 
Pippenger Example

When r is small we group elements by scalar:

S12,4 = 2P1 + 3P2 + 3P3 + 2P4 + 1P5 + 1P6+ 3P7 + 2P8 + 2P9 + 3P10 + 
1P11 + 3P12 – 37 group operations

S12,4 = 1 · (P5 + P6 + P11) + 2 · (P1 + P4 + P8 + P9)+ 3 · (P2 + P3 + P7 + 
P10 + P12) = 1S1 + 2S2 + 3S3.

1S1 + 2S2 + 3S3 = S3 + (S3 + S2) + (S3 + S2 + S1) – this needs only 4 
group operations + 9 group operations for each subsum.
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Multi-Scalar Multiplication: 
Pippenger (large scalars)

When r is large we break down each scalar:
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Multi-Scalar Multiplication: 
BGMW 

Points are fixed for KZG10 (and many other applications of 
MSM) so we can precompute qjPi

This requires at most nh + q – 3 group operations.
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Extension I

 Precompute pairs Pi+Pj (in addition to BGMW) for indices

where w denotes the window size in bits, n is the MSM size, k is the
scalar size in bits, and t is the chunk size
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Extension II

● Extension I +  Booth indexes
 

● Precompute pairs Pi + Pj and Pi - Pj (in addition to BGMW) for indices

where w denotes the window size in bits, n is the MSM size, k is the
scalar size in bits, and t is the chunk size
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Extension III

● Extension II + further buckets reduction
 

● Precompute pairs aPi ± bPj (in addition to BGMW), where

where w denotes the window size in bits, n is the MSM size, k is the
scalar size in bits, and t is the chunk size
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Extension IV

● Extension I + triples.
 

● Precompute:

where w denotes the window size in bits, n is the MSM size, k is the
scalar size in bits, and t is the chunk size



  19 / 28

Extension V

● Extension IV + Booth encoding.
 

● Precompute:

where w denotes the window size in bits, n is the MSM size, k is the
scalar size in bits, and t is the chunk size



  20 / 28

Extension VI

● Extension V + overlapping chunks.
 

● Precompute:
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Experiments: Rust-kzg library
● Implemented in Rust (high performance and safety);
● Contains test suites and benchmarks;
● Used by some real world projects and scientists;
● Over 40 students involved;
● Opensource (Apache 2.0 license).
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MSM size 21 : Fixed Window vs. Extensions I–III
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MSM size 24 : Fixed Window vs. Extensions I–III
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MSM size 26 : Fixed Window vs. Extensions I–III
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MSM size 21 : Fixed Window vs. Extensions IV–VI
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MSM size 23 : Fixed Window vs. Extensions IV–VI



  27 / 28

MSM size 25 : Fixed Window vs. Extensions IV–VI
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Questions
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