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Doktorantūros studijų planas



Ataskaitiniai studijų metai (IV: 2022/2023 
m.m. II pusmetis)



Doktorantūros studijų pasiekimai



Mokslinių tyrimų ir disertacijos rengimo etapai(I)

Darbo pavadinimas Atlikimo 
terminai

Pastabos

4. Daktaro disertacijos parengimas ir svarstymas 
padalinyje

2023-04-01 Parengta disertacija. Laukiama antrojo 
straipsnio priėmimo.

5. Daktaro disertacijos gynimas 2023-09-30 Laukiama antrojo straipsnio priėmimo.



Mokslinių tyrimų ir disertacijos rengimo etapai(II)
Darbo pavadinimas Atlikimo terminai Pastabos

3. Atskirų daktaro disertacijos dalių (tyrimo metodikos, rezultatų, ginamų teiginių, išvadų, 
ir kt.)  parengimas:
3.1. Apžvalga

3.2. Teorinis tyrimas

3.3. Eksperimentinis tyrimas

3.4. Išvadų parengimas

2019-10-01 –
2020-09-30

2020-10-01 –
2021-09-30

2021-10-01 – 
2022-09-30

2022-10-01 –
2023-03-31

Parengta Bajeso ir kitų metodų taikomų globaliajam optimizavimui 
literatūros apžvalga.

Apžvelgti Bajeso metodų trūkumai ir suformuota probleminė sritis.
Suformuluoti uždaviniai Bajeso metodų probleminės srities sprendimui.
Pasirinkta tyrimo metodika iškeltiems uždaviniams spręsti.
Išanalizuoti esami Bajeso optimizacijos algoritmai taikomi aukštos 
dimensijos problemoms spręsti. Pasiūlyta galima algoritmo modifikacija, 
galinti padidnti optimizavimo efektyvumą.

Sukurtos Bajeso optimizacijos modifikacijos paremtos Gauso ekspertų 
modeliais. Sukurtų modelių efektyvumas palygintas su kitais BO modeliais. 
Modeliai įvertinti naudojant skirtingos dimensijos optimizavimo uždavinius 
ir skirtingus duomenų triukšmo lygius. 

Apibendrinti gauti rezultatai ir išskirti esminiai rezultatai. 
Parengtos išvados pagal gautus tyrimo rezultatus.

4. Daktaro disertacijos parengimas ir svarstymas padalinyje 2023-04-01 Parengta disertacija. Laukiama antrojo straipsnio 
priėmimo.

5. Daktaro disertacijos gynimas 2023-09-30 Laukiama antrojo straipsnio priėmimo.



Tyrimo objektas ir tikslai

• Tyrimo objektas:
• Bajeso optimizacijos metodai.

• Tyrimo tikslas:
• Tobulinti ir modifikuoti esamus Bajeso optimizavimo metodus, siekiant didinti 

jų efektyvumą.



Tyrimo uždaviniai

• Atlikti naujausios mokslinės literatūros apžvalgą ir analizę Bajeso 
metodų taikymo globalios optimizacijos srityje;

• Palyginti ir išanalizuoti esamus Bajeso metodus ir jų modifikacijas 
globaliam optimizavimui;

• Modifikacijų pasiūlymas ir naujų Bajeso optimizacijos metodų 
kūrimas;

• Sukurtų metodų efektyvumo įvertinimas ir palyginimas su esamais 
metodais.



2022/2023 m. m. II pusmečio atlikti darbai
➢ Pataisytas antrasis straipsnis pagal recenzentų komentarus ir pastabas;

➢ Parengta daktaro disertacija.



2022/2023 m. m. II pusmečio mokslinių 
rezultatų pristatymas



Black-box Optimization

Black-box function:

▪ f is non-convex

▪ f is expensive to evaluate

▪ no gradient information

▪ evaluations can be noisy

𝐆𝐨𝐚𝐥: 𝑥∗ =  max
𝑥 ∈ 𝒳⊂ ℝ𝑑 

ሻ𝑓(𝑥



Bayesian Optimization



Surrogate model: Gaussian process

Gaussian process (GP) is the most popular surrogate model used in BO.

Definition: A random function 𝑓: 𝒳 → ℝ is said to be a Gaussian Process (𝐺𝑃) with  mean function 𝑚 ∶ 𝒳 →
ℝ and covariance function 𝑘 ∶  𝒳 × 𝒳 → ℝ, denoted by 𝑓 ∼ 𝐺𝑃 𝑚, 𝑘 , if the following holds: 

For any finite set 𝑋 = 𝑥1, … , 𝑥𝑛  ⊂ 𝒳 of any size 𝑛 ∈  ℕ, the random vector

𝑓𝑋 = 𝑓 𝑥1 , … , 𝑓 𝑥𝑛
𝑇

∈  ℝ𝑛

follows 𝑓𝑋 ~ 𝒩 𝑚𝑋 , 𝑘𝑋𝑋 with covariance matrix 𝑘𝑋𝑋 = 𝑘 𝑥𝑖 , 𝑥𝑗
𝑖,𝑗=1

𝑛
∈ ℝ𝑛 and mean vector 𝑚𝑋 =

𝑚 𝑥1 , … , 𝑚 𝑥𝑛
𝑇

∈  ℝ𝑛.

The mean function 𝑚 can be any real-valued function.

The covariance function 𝑘 must be:
• symmetric: 𝑘 𝑥, 𝑦 = 𝑘 𝑦, 𝑥
• positive semi-definite: for any 𝑛 ∈  ℕ, for all 𝑥𝑖 ∈ 𝒳, ∀𝛼𝑖 ∈ ℝ



𝑖=1

𝑛



𝑗=1

𝑛

𝛼𝑖𝛼𝑗𝑘 𝑥𝑖 , 𝑥𝑗  ≥ 0



GP regression

• Consider a regression problem 𝑦(𝑥ሻ = 𝑓 𝑥 +  𝜖 with 𝑓 ~ 𝐺𝑃 𝑚, 𝑘  

and 𝜖 ~ 𝒩 0, 𝜎𝑛
2 .

• The objective is to infer the latent function f from n noisy observations 
𝒟𝑛 = 𝑥𝑖 , 𝑦𝑖 𝑖=1

𝑛

• Training

• Prediction



GP computational complexity

• Training GP requires to invert covariance matrix:

𝐴 = 𝑘𝑛𝑛 + 𝜎𝑛
2𝛪 =

𝑘 𝑥1, 𝑥1 + 𝜎𝑛
2 ⋯ 𝑘(𝑥1, 𝑥𝑛ሻ

⋮ ⋱ ⋮
𝑘(𝑥𝑛, 𝑥1ሻ ⋯ 𝑘 𝑥𝑛, 𝑥𝑛 + 𝜎𝑛

2

• Because 𝐴 symmetric positive definite, we know 𝐴  =  𝐿𝐿𝑇 and 
𝐴𝐴−1 = 𝐼, then 𝐴−1 = 𝐿⊤ ∖ (𝐿 ∖ 𝐼ሻ. 

• Using Cholesky decomposition 𝐿 = 𝑐ℎ𝑜𝑙𝑒𝑠𝑘𝑦 𝑘𝑛𝑛 + 𝜎𝑛
2𝛪 .

• The computational complexity is 𝑂 𝑛3 .



Limitations of Bayesian Optimization

• Scalability
• Training time and space complexity of standard GP are 𝑂 𝑛3  and 

𝑂 𝑛2  respectively.

• Non-stationarity
• Standard GP model in BO implicitly assume that the noise variance 

remains constant in the whole search space.



Extending Bayesian Optimization

For scalability, we proposed two modifications to scale the BO to 
large number of observations using Generalized Product of Experts 
model (gPoEBO) and trust regions-based algorithm (gPoETRBO).

For non-stationarity, we present a heteroscedastic GPOE based BO 
(GPOEBO) algorithm for global optimization which is capable of 
optimizing the functions with heteroscedastic noise variance.



Algorithm 1: BO with Generalized Product of 
Experts (gPoEBO)



Algorithm 2: Trust region BO with Generalized 
Product of Experts (gPoETRBO) 



Algorithm 3: Heteroscedastic BO with Generalized 
Product of Experts



Numerical Experiments for Scalable Bayesian 
Optimization
• Baseline algorithms: We compare the performance and running 

times of our proposed gPoEBO and gPoETRBO algorithms with other 
GP experts-based BO models (PoE BO, BCM BO, rBCM BO), sparse GP 
based BO (SGPRBO), standard BO, TuRBO and Random Search 
algorithms.

• Benchmarks: We evaluated and compared the performance for all 
algorithms on synthetic 20D and 50D Rosenbrock, Levy, Ackley, 
Rastrigin global optimization benchmark functions and on real life 
12D Lunar Landing, 14D robot pushing and 60D rover trajectory 
planning continuous optimal control problems. 



Optimization performance on 50D benchmark 
functions



Optimization performance on optimal control 
problems



Time restricted optimization experiments

20D benchmark functions 50D benchmark functions 



Numerical Experiments for Heteroscedastic 
Bayesian Optimization 
• Baseline algorithms: We compare the performance of POE based BO 

(POEBO) and GPOE based BO (GPOEBO) using our proposed 
modifications of acquisition functions (HAEI, ANPEI) against 
heteroscedastic BO model using MLHGP model (MLHGPBO). Also, we 
include the results of homoscedastic BO with EI (BO EI) and AEI(BO AEI) 
acquisition functions.

•  Benchmarks: We evaluated and compared the performance for all 
algorithms on 2D (Branin, GoldsteinPrice), 4D (Hartman, Rosenbrock) 
and 6D (Hartman, Sphere) synthetic global optimization functions and 
on two real-world scientific datasets.



Synthetic Benchmark Functions Optimization
The optimization performance table (differences between the function value at the best-found point and the 
actual function maximum) for all synthetic benchmark functions



Soil Phosphorus Fraction Optimisation



Molecular Hydration Free Energy 
Optimization



The effect of number of data points per 
expert on optimization performance



Conclusions
1. To alleviate the scalability issues of standard BO, we proposed two new 

algorithm gPoEBO and gPoETRBO for global Bayesian Optimization with large 
number of observations:

1.1 Our proposed gPoETRBO algorithm and TuRBO achieve the best performance on all 50D 
synthetic benchmark functions compared to other models;

1.2 Trust region based gPoETRBO matches the performance of the state-of-the-art TuRBO 
algorithm and achieves a better accuracy on the Ackley function. The runtimes for 
gPoETRBO are up to 10 times shorter than the TuRBO;

1.3 The gPoEBO algorithm showed the best runtimes on all functions and the best 
performance on Levy and Rastring functions compared to other GP experts-based BO 
models;

1.4 Experiments on real-life problems with up to 10K observations showed that our proposed 
algorithms are efficient and scalable. The gPoETRBO  achieved better accuracy than 
standard BO with 8-10 times shorter runtimes and matched the performance of TuRBO 
with up to 6 times improvement in runtime;

1.5 The experiments  with time restricted budget on 20D and 50D synthetic benchmark 
functions with time budgets of 5 and 15 minutes, showed that  gPoETRBO achieved similar 
or better performance on 20D functions and outperformed other algorithms all 50D 
benchmark functions.



Conclusions
2. We have presented an approach for performing heteroscedastic Bayesian 

optimization using the generalized product of experts with excising 
heteroscedastic acquisition functions:

2.1 The results showed that GPOEBO had at least 20% lower mean absolute error on all 
synthetic benchmark functions compared to other algorithms except on Sphere function.

2.2 The MAE  for GPOEBO was up to 2 times lower compared to MLHGPBO on all benchmark 
 functions; 
2.3 Compared to the other product of expert model (POEBO), our proposed GPOEBO model had 

between 16% to 315% lower MAE on most benchmark functions except on Sphere 
function, where the MAE was 75% higher.

2.4 The results on real-life scientific problems showed that GPOEBO_HAEI  and GPOEBO_ANPEI 
on average achieved 20-30 % better optimization accuracy compared to MLHGPBO model;

2.5 Finally, we showed that optimization performance for our proposed algorithms is sensitive 
to the number of points allocated to each GP experts and its performance can degrade 
significantly if the number is set incorrectly. Our experiments showed that setting 3xD 
number of points per expert for each problem was the optimal number.



2023/2024 m. m. I pusmečio darbo planas

o Laukiama antrojo straipsnio priėmimo;
o Daktaro disertacijos svarstymas padalinyje ir gynimas.



Ačiū už dėmesį!
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