
VILNIUS UNIVERSITY

MAŽVYDAS MACKEVIČIUS

COMPUTER MODELING OF CHEMICAL SYNTHESIS AT HIGH
TEMPERATURES

Summary of Doctoral Dissertation

Physical Sciences, Informatics (09 P)

Vilnius, 2013



Doctoral dissertation was prepared at the Institute of Mathematics and
Informatics of Vilnius University in 2009–2013.

Scientific supervisor
Prof. Dr. Habil. Feliksas Ivanauskas (Vilnius University, Physical Sciences,
Informatics – 09 P)

The dissertation will be defended at the Council of the Scientific Field of
Informatics of Vilnius University:

Chairman
Prof. Dr. Romas Baronas (Vilnius University, Physical Sciences, Informatics –
09 P).

Members:
Prof. Dr. Habil. Rimantas Barauskas (Kaunas University of Technology,
Physical Sciences, Informatics – 09 P),
Prof. Dr. Jurgis Barkauskas (Vilnius University, Physical Sciences, Chemistry
– 03 P),
Prof. Dr. Habil. Genadijus Kulvietis (Vilnius Gediminas Technical University,
Technological Sciences, Informatics Engineering – 07 T),
Prof. Dr. Habil. Mifodijus Sapagovas (Vilnius University, Physical Sciences,
Informatics – 09 P).

Opponents:
Prof. Dr. Vytautas Kleiza (Kaunas University of Technology, Physical
Sciences, Informatics – 09 P),
Assoc. Prof. Dr. Rimantas Vaicekauskas (Vilnius University, Physical Sciences,
Informatics – 09 P).

The dissertation will be defended at the public meeting of the Council of
the Scientific Field of Informatics in the auditorium number 203 at the
Institute of Mathematics and Informatics of Vilnius University, at 1 p.m.
on 17 September 2013.
Address: Akademijos st. 4, LT-08663 Vilnius, Lithuania.

The summary of the doctoral dissertation was distributed on 16 August 2013.

A copy of the doctoral dissertation is available for review at the Library of
Vilnius University.



VILNIAUS UNIVERSITETAS

MAŽVYDAS MACKEVIČIUS

CHEMINIŲ SINTEZIŲ PRIE AUKŠTŲ TEMPERATŪRŲ
MODELIAVIMAS

Daktaro disertacijos santrauka
Fiziniai mokslai, informatika (09 P)

Vilnius, 2013



Disertacija rengta 2009–2013 metais Vilniaus universiteto Matematikos ir
informatikos institute.

Mokslinis vadovas
prof. habil. dr. Feliksas Ivanauskas (Vilniaus universitetas, fiziniai mokslai,
informatika – 09 P)

Disertacija ginama Vilniaus universiteto Informatikos mokslo krypties taryboje:

Pirmininkas
prof. dr. Romas Baronas (Vilniaus universitetas, fiziniai mokslai, informatika
– 09 P).

Nariai:
prof. habil. dr. Rimantas Barauskas (Kauno technologijos universitetas,
fiziniai mokslai, informatika – 09 P),
prof. dr. Jurgis Barkauskas (Vilniaus universitetas, fiziniai mokslai, chemija
– 03P),
prof. habil. dr. Genadijus Kulvietis (Vilnius Gedimino technikos universitetas,
technologijos mokslai, informatikos inžinierija – 07 T),
prof. habil. dr. Mifodijus Sapagovas (Vilniaus universitetas, fiziniai mokslai,
informatika – 09 P).

Oponentai:
prof. dr. Vytautas Kleiza (Kauno technologijos universitetas, fiziniai mokslai,
informatika – 09 P),
doc. dr. Rimantas Vaicekauskas (Vilniaus universitetas, fiziniai mokslai,
informatika – 09 P).

Disertacija bus ginama Vilniaus universiteto viešame Informatikos mokslo
krypties tarybos posėdyje 2013 m. rugsėjo 17 d. 13 val. Vilniaus universiteto
Matematikos ir informatikos instituto 203 auditorijoje.
Adresas: Akademijos g. 4, LT-08663 Vilnius, Lietuva.
Disertacijos santrauka išsiuntinėta 2013 m. rugpjūčio 16 d.
Disertaciją galima peržiūrėti Vilniaus universiteto bibliotekoje.



INTRODUCTION

The rate of a general homogeneous reaction is conventionally measured
by following the decrease in concentration of reactants or the increase in con-
centration of the products at constant temperature. For the heterogenous
reaction, however, the concept of concentration has no longer the same signif-
icance, and the progress of reaction is usually determined in some other way.
The kinetics and the mechanism studies of heterogeneous reactions thus in-
volve measurement of changes in mass of reactants of the sample as functions
of time at constant temperatures [3, 10, 19, 32]. Many equations relating the
rate of solid-state reactions under isothermal and nonisothermal conditions
to the bulk nucleation followed by three-dimensional growth and diffused dis-
tribution at the phase boundary (classical Fick diffusion or Prout–Tompkins
model) are summarized and discussed in the literature [1, 5, 11, 34, 47]. The
interpretation of the kinetic equations is extremely complicated and consid-
ers the way in which the reaction starts, by a process of nucleation, then
how those nuclei grow, what reaction or interface geometry is involved, and,
finally, how the reactants decay. Consequently, for the investigation of com-
plex solid-state reactions, different novel mathematical approximations and
computational models recently have been suggested [13, 35, 36].

In our dissertation, we construct two- and three-reactant models of syn-
thesis reactions at high temperatures and provide methods of estimation of
the parameters of syntheses, such as the diffusion coefficients and reaction
rate coefficients, using a rather limited information from real laboratory ex-
periments. Namely, the known data only includes the synthesis half-times at
different temperatures and approximate sizes of reactant particles. We use
the Fick, Arrhenius, and active mass laws. Though the validity of applying
the Arrhenius law to heterogeneous reactions has been questioned, the pa-
rameters obtained from it often have practical values even if their theoretical
interpretation is difficult.



Actuality

In mathematical modeling, for solving actual problems, one often uses
numerical methods for differential parabolic equations. In this work, we
present the results of computer modeling of synthesis at high temperatures
of yttrium aluminium garnet (YAG) and synthetic calcium hydroxyapatite
(CHAp), but the methods used can be applied for general two- and three-
reactant synthesis reactions.

Yttrium aluminium garnet 2Y3Al5O12 is now widely used in optical ma-
terials because of a variety of unique optical properties. YAG doped with
a transition metal or lanthanide ions is an important solid-state laser mate-
rial ( [14, 4, 16, 22, 27, 29, 30, 33]). The YAG powders could be synthesized
by many different methods, such as solid-state reaction, sol–gel, and others
[2, 17, 18, 24, 28, 41, 48, 49, 50]).

Synthetic calcium hydroxyapatite, Ca10(PO4)6(OH)2 (CHAp for short),
is known to be one of the most important implantable materials due to its
biocompatibility, bioactivity, and osteoconductivity and is used as a sub-
stitute material for human hard tissues [45, 25, 40]. However, the specific
chemical, structural, and morphological properties of CHAp bioceramics are
highly sensitive to the processing conditions [12, 15, 23, 43]. Several sol–gel
approaches starting from nonaqueous [38, 51] and aqueous [46, 31] solutions
of different precursors of calcium and phosphorus have been used for the
preparation of CHAp powders.

It has been well demonstrated that many parameters of sol–gel process
such as starting materials and its concentration, pH, temperature, speed
of stirring, stirring time, duration of gelation, nature and concentration of
complexing agents, and others should be carefully controlled [6, 7, 8, 9]

Synthesis of both materials are expensive because they require long-term
support of high temperature [37, 42, 44]. Investigation of synthesis and its
parameters using usual experiments would be complicated and expensive.
Therefore, it is important to create theoretical mathematical models that
would help to accomplish such tasks.

A one-dimensional mathematical model of YAG synthesis was presented
in [20, 21, 26].

In this work, we first present general two- and three-dimensional (two-
reactant) mathematical synthesis models and perform calculations for the
YAG synthesis based on real data from laboratory experiments. Natu-
rally, the three-dimensional model is more realistic, but, as was shown by
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computer modeling, the results of the two-dimensional model (unlike the
one-dimensional model) are rather similar to those of the three-dimensional
model. So, as a consequence, the two-dimensional model is preferable as
significantly simpler and less time consuming. This is also a motivation of
restricting ourselves to the two-dimensional model in the case of three reac-
tants since its extension to the three-dimensional model would be extremely
complicated. Thus, investigating the CHAp synthesis, we have developed
a general two-dimensional three-reactant mathematical model, which also
allowed us to find the synthesis parameters.

Research object

Mathematical models for investigation of chemical synthesis at high tem-
peratures and methods of calculating the synthesis parameters having limited
data from real laboratory experiments.

The Main Aims and Tasks

• To extend the one-dimensional two-reactant synthesis model to two-
and three-dimensional models.

• To construct and investigate a three-reactant synthesis mathematical
model.

Tasks

• To develop general two-reactant two- and three-dimensional and three-
reactant two-dimensional synthesis models and methods for calculation
of synthesis parameters.

• To apply this model for finding temperature dependencies of diffusion
and reaction rate coefficients and activation energies in the YAG and
CHAp syntheses.

• To compare the results in one-, two-, and three- dimensional models of
YAG synthesis.

• To find the optimal temperature of YAG synthesis that minimizes the
energy consumption.
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Methodology

For modeling, we applied the laws of physical chemistry and reduced
the problems to particular state spaces by periodization of distribution of
reactant particles and symmetrization of the state space.

For calculations, we applied standard and constructed new difference
schemes for solving parabolic differential equation systems with partial deriva-
tives. Computer modeling programs were written in ANCI C language with
codes parallelized using the parallelization library MPI.

Scientific novelty

In this work, we developed two- and three-dimensional two-reactant mod-
els and a two-dimensional three-reactant mathematical model of chemical
synthesis, parameter calculation methods, and numerical algorithms. The
results obtained extend and generalize the known results for one-dimensional
two-reactant model.

Practical significance

The obtained numerical algorithm provides the ability to model processes
of chemical synthesis and allows one to find synthesis parameters and their
dependencies on the synthesis temperature from limited data of real labo-
ratory experiments. This method can be successfully applied in analysis of
various syntheses.

Defended models, methods, and results

• Two-reactant two- and three-dimensional synthesis models and three-
reactant (two-dimensional) synthesis model.

• Methods of calculating parameters of synthesis reactions at high tem-
peratures.

• The results of calculations in concrete cases of YAP (two-reactant) and
CHAp (three-reactant) synthesis.
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The Structure of Dissertation

The dissertation consists of the introduction, four chapters, the list of au-
thor’s publications, and references. The language of the thesis is Lithuanian.

In Chapter 1, we shortly present the laws of physical chemistry that we use
to construct the diffusion–reaction equation systems modeling the synthesis
reactions and check the mass preservation law for thes models.

In Chapter 2, we consider one-, two-, and three-dimensional models of
two-reactant synthesis reaction. Concrete calculations are performed and
compared for YAG synthesis on the basis of data from real laboratory exper-
iments in the Faculty of Chemistry of Vilnius University.

In Chapter 3, we consider the three-reactant two-dimensional model. To
assure the periodicity and symmetry requirements, we consider rhombic par-
ticles and triangle synthesis space, which allow us to reduce the calculations
to the triangle state space with zero Neumann boundary conditions. Con-
crete calculations are preformed for CHAp synthesis on the basis of data from
real laboratory experiments in the Faculty of Chemistry of Vilnius University.

In Chapter 4, we present numerical methods used for solving our model
diffusion–reaction equation systems. In Section 4.1, the standard difference
method is presented, while in Section 4.2, a newly constructed method for
a triangular state space is presented, which we have used for solving equation
systems of Chapter 3. At the ends of both sections, we present the plots illus-
trating the methods. In Section 4.3, we present the parallelization algorithm
used in calculations of parameters.
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1. TWO-REACTANT MODEL

1.1 Experimental

The YAG powders could be synthesized by many different methods, such
as solid-state reaction, spray-pyrolysis, coprecipitation, sol-gel, and others.
The conditions for the formation of monophasic YAG largely depend on the
used synthesis method. For example, by changing the solid-state synthesis
method to the sol-gel chemistry approach, the YAG formation temperature
decreases from 1600 ◦C down to 1000 ◦C.

1.1.1 Sol–gel method

In the sol-gel synthesis, yttrium oxide was dissolved in 150mL of 0.2mol L−1

CH3COOH by stirring the mixture for 10 h at 55–60 ◦C in a breaker covered
with a watch-glass. To this solution, aluminium nitrate dissolved in 50 mL of
distilled waster was added, and the resulting mixture was stirred for 2 h at the
same temperature. In the next step, 1.2 ethanediol (25 mmol) as complexing
agent was added to the above solutions. The acidic medium (pH 5) prevents
the flocculation of metal hydroxides in the mixtures and nu adjustment of
pH was necessary. After concentrating the solutions by slow evaporation at
60–70 ◦C under stirring, the Y–Al acetate–nitrate–glycolate solution turned
into a white transparent gel. The oven-dried 60–70 ◦C gel became light brown
due to the initial decomposition of nitrates. The gel powders were ground in
an agate mortar and preheated for 2 h at 800 ◦C in air. Since the gels are very
combustible, slow heating (2 ◦Cmin−1), especially between 150 and 400 ◦C,
was found to be essential. After an intermediate grinding, the powders were
additionally sintered at various temperatures from 1000 to 1600 ◦C in air.
The optimum annealing time was 5 h at 1000 ◦C, 4 h at 1200 ◦C, and 3 h at
1600 ◦C.



1.1.2 Solid-state method

In the solid-state reaction method, the stoichiometric mixture of metal
oxides (5Al2O3 and 2Y2O3) was carefully ground in an agate mortar and an-
nealed at various temperatures from 1000 to 1600 ◦C in air. The monophasis
YAG was obtained only at higher temperature, after sintering oxide precursor
for 5 h at 1600 ◦C.

1.2 Mathematical model

For synthesis modeling, using the second Fick’s law and active mass law,
we describe the two-reactant reaction

aA+ bB → pP, (1.1)

by the following diffusion–reaction equation system for concentrations ci =
ci(x, t), x ∈ V , t ≥ 0, i = 1, 2, 3, of the reactants A,B and product P :

∂c1
∂t

= D
n∑

j=1

∂2c1
∂x2

j

− 1

b
kc1c2,

∂c2
∂t

= D
n∑

j=1

∂2c2
∂x2

j

− 1

a
kc1c2, (1.2)

∂c3
∂t

= D
n∑

j=1

∂2c3
∂x2

j

+
p

ab
kc1c2,

with initial conditions ci(x, 0) = c0i (x), x ∈ V = V ∪ ∂V, i = 1, 2, 3, and
boundary conditions ∂ci(x,t)

∂n
= 0, x ∈ ∂V , t ≥ 0, i = 1, 2, 3. Here V is the

synthesis space (two- or three-dimensional), D is the diffusion coefficient,
and k is the reaction rate coefficient. For example, in the case of the YAG
synthesis reaction

3Y2O3 + 5Al2O3 → 2Y3Al5O12, (1.3)

we clearly have a = 3, b = 5, and p = 2.
We analyze the relations between D and k by using the following data

known from the true laboratory experiments of YAG synthesis at Vilnius
University: the synthesis half-times at different temperatures and synthesis
methods, and typical dimensions of the reactant particles. By the half-time
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we mean the time, denoted t1/2, in which the total concentration of initial
reactants falls to one half; so, it satisfies the equation∫

V

(c1(x, t1/2) + c2(x, t1/2))dx =
1

2

∫
V

(c1(x, 0) + c2(x, 0))dx. (1.4)

To be concrete, the half-times t1/2 approximately equal 5, 4, and 3 hours
at the temperatures T = 1000 ◦C, 1200 ◦C, and 1600 ◦C in the sol-gel syn-
thesis method and 5 hours at 1600 ◦C in the solid-state synthesis method.
At the preparatory stage of the synthesis (using both solid-state and sol-gel
reaction methods), the reactants are milled and mixed thoroughly in some
cubic volume. The particles in the synthesis space are distributed randomly
since their exact initial positions are unknown. As a result, modeling would
require a huge memory size for storage. Therefore, we assume that the par-
ticles are periodically stored in the synthesis volume as shown in Fig. 1.1
(two-dimensional model) and Fig. 1.2 (three-dimensional model). Then, be-
cause of periodicity, it suffices to consider the reaction in the square synthesis
space V = [0, a] × [0, a] or cubic synthesis space V = [0, a] × [0, a] × [0, a],
respectively, with zero boundary conditions, ∂ci/∂n(x) = 0 for x ∈ ∂V ,
where n is the normal vector to the boundary (as shown, in more detail, in
Fig. 1.3 in the two-dimensional case).

a μm2a μm

Fig. 1.1: Synthesis space in the two-dimensional model: V = [0, a] × [0, a]; a =
1 (µm) for the sol-gel method and a =

√
10 (µm) for the solid-state

method

The typical volume of particles is 1µm3 in the sol–gel synthesis method
and 10µm3 in the solid-state method. Therefore, in the two-dimensional
model, we assume that line dimensions of particles are respectively a = 1 µm
ir a =

√
10 µm (in the one-dimensional case, a = 1 µm and a = 10 µm).

This is motivated by the natural presumption that, in order to compare
models of different dimensions, for the same reactant concentration values,
the quantities of reactants must be the same at all dimensions.
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a μm

 μma2

Fig. 1.2: Synthesis space in the three-dimensional model: V = [0, a]× [0, a]× [0, a];
a = 1 (µm) for the sol-gel method and a = 3

√
10 (µm) for the solid-state

method
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Y2O3

Fig. 1.3: Synthesis space in the two-dimensional two-particle model: V = [0, a]×
[0, a]; a = 1 (µm) for sol–gel method and a =

√
10 for solid-state method.

So, summarizing, we arrived at the equation system (1.2) in the synthesis
space V = [0, a]× [0, a]× [0, a] (3D) or V = [0, a]× [0, a] (2D) with the initial
conditions proportional to the initial densities of the particles in the space V
and zero boundary conditions, ∂ci

∂n
= 0 on ∂V .

When solving numerically the partial differential equation system (1.2),
we use a standard finite difference scheme (see [39] or Section 4.1 of the
dissertation).

9



1.3 The main goal

Our estimations are based on the Arrhenius laws describing the tempera-
ture dependence of the diffusion and reaction rate coefficients by the following
relations:

D = D0 exp

{
−ED

RT

}
, k = k0 exp

{
−EA

RT

}
. (1.5)

Here, ED is the diffusion activation energy, EA is the reaction activation
energy, D0 and k0 are constants, and R = 8.314472. Our main goal is to
estimate the unknown parameters ED, EA, D0, k0 by finding the coefficients
D and k for temperatures T = 1000 ◦C, 1200 ◦C, and 1600 ◦C. In a sense,
we solve the inverse problem for system (1.2): given the synthesis half-times
t1/2, we look for the parameters D and k of the system such that the half-
time condition (1.4) is satisfied for all temperatures. Using Eq. (1.5), for any
temperature T , we can find the corresponding parameters D and k, and then,
by computer modeling, the corresponding synthesis half-time. This allows us
to calculate the energy needed for synthesis at any given temperature and,
in particular, to find the optimal temperature.

1.4 Calculation method

We calculate the diffusion and reaction rate coefficients as follows:
First, for each of the temperatures T1 = 1000 ◦C, T2 = 1200 ◦C, and T3 =

1600 ◦C, we draw the graphs L1, L2, and L3 of points (D, k) of the diffusion
and reaction rate parameters for which the half-times are equal to those
of the laboratory experiments by using the sol-gel synthesis method (i.e.,
t1/2 = 5, 4, and 3, respectively). To this end, we use our computer program
that, given any fixed D, half-time t1/2, and particle size a, numerically solves
system (1.2) until the half-time condition (1.4) is satisfied and, using the
middle-point method, finds the value k such that half-time coincides with
the given one. A sufficiently large discrete set of the (D, k) values is joined
by a smooth curve. Finally, in the same way, we additionally draw the
graph L̃3 of the (D, k) for the solid-state method (T3 = 1600 ◦C, t1/2 = 5).
The difference with the previous cases is in the particle-size parameter a,
which now takes the value 3

√
10 (three-dimensional model), instead of a = 1.

So, in Fig. 1.4 (n = 2) and Fig. 1.5 (n = 3), we see all four graphs : L1, L2,
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and L3 for the sol-gel method at temperatures T1, T2, and T3; and L̃3 for the
solid-state method and temperature T3.
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Fig. 1.4: Calculations in the two-dimensional model. The synthesis space V =
[0, a] × [0, a]; a = 1 (µm) for the sol-gel method and a =

√
10 (µm) for

the solid-state method.
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Fig. 1.5: Calculations in the three-dimensional model. The synthesis space V =
[0, a]× [0, a]× [0, a]; a = 1 (µm) for the sol-gel method and a = 3

√
10 (µm)

for the solid-state method.
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At the same temperature, the values of (D, k) for both synthesis methods
coincide. So, the intersection of the graphs L̃3 and L3 gives us the first pair
of the true values of (D, k) at the temperature T3 = 1600 ◦C. We mark by N
the intersection point.

To calculate the four unknown parameters (ED, EA, D0, k0), we need an-
other pair of the values of (D, k). Recall that the graph L1 is obtained as the
spline of m calculated points Mi = (Di

1000, k
i
1000), i = 1, . . . ,m, obtained by

computer modeling, where the main condition was that the half-time is 5 h.
Now, for each pair N = (D1600, k1600), Mi = (Di

1000, k
i
1000), using the

Arrhenius law for T = 1873K and T = 1273K, we write and solve the
following equation system with respect to unknown (ED, EA, D0, k0):

D1600 = D0 exp

{
− ED

R · 1873

}
, k1600 = k0 exp

{
− EA

R · 1873

}
,

Di
1000 = Di

0 exp

{
− Ei

D

R · 1273

}
, ki

1000 = ki
0 exp

{
− Ei

A

R · 1273

}
.

We denote the corresponding solutions by (Ei
D, E

i
A, D

i
0, k

i
0). Substituting

these values of Ei
D, Ei

A, Di
0, ki

0 into the Arrhenius law (1.5) with T =
1200 ◦C = 1473K, we get a set of points Oi = (Di

1200, k
i
1200), i = 1, . . . ,m.

Now, comparing the points Oi with the graph L2, we choose the nearest
one LO. Fixing the latter, again from the Arrhenius law, the corresponding
unknown ED, EA, D0, k0 can be found uniquely.

1.5 Calculation results

For the three-dimensional model, we obtained the following calculation
results:

1) N = (D1600, k1600) = (11e-6, 209).

2) LO = (6e-6, 170);

3) The diffusion and reaction rates as functions of synthesis tempera-
ture T :

D = 9e-5 exp(−3.3e4/(RT )), (1.6)
k = 450 exp(−1.2e4/(RT )). (1.7)
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The obtained Arrhenius law equations (1.6)–(1.7) give us the diffusion and
reaction rates at temperatures T = 1000 ◦C, 1200 ◦C, and 1600 ◦C, presented
in Table 1, where the results in the one- and two- dimensional models are
also included for comparison.

Tab. 1.1: Diffusion and reaction rate coefficients
T 1000 ◦C 1200 ◦C 1600 ◦C

One-dimensional model
D 5.0e-4 5.8e-4 7.0e-4
k 113 143 199

Two-dimensional model
D 10.5e-6 15e-6 28e-6
k 119 146 192

Three-dimensional model
D 4e-6 6e-6 11e-6
k 146 170 209

The corresponding points (D, k) on the graphs L1–L3 and L̃3 (Figs. 1.4
and 1.5) are marked as T1000, T1200, T1600, respectively.

In Figs. 1.6 and 1.7, we compare the graphs of the diffusion and reaction
rate coefficients as functions of temperature (the Arrhenius law) in all three
models.

 0
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 0.0004

 0.0005
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 0.0007

 0  200  400  600  800  1000  1200  1400  1600  1800

D

T

3D  D=9e-5exp(-(33e3)/(R*T))
2D D=2e-004*exp(-(32e3)/(R*T)) 
1D  D=1.4e-3exp(-(11e3)/(R*T))

Fig. 1.6: Comparison of dependence of diffusion coefficients on the temperature in
one-, two-, and three-dimensional models.
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 100
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 0  200  400  600  800  1000  1200  1400  1600  1800

k

T

3D  k=450*exp(-(12e3)/(R*T))
2D  k=526*exp(-(16e3)/(R*T))
1D  k=661*exp(-(19e3)/(R*T))

Fig. 1.7: Comparison of dependence of reaction rate coefficients on the tempera-
ture in one-, two-, and three-dimensional models.

We see that reaction rate coefficients are rather similar in all models,
although the diffusion coefficients are not. The latter difference can be ex-
plained by noticing that, in the one-dimensional model, the diffusion actually
begins through a single point, while in the two- and three- dimensional mod-
els, the “diffusion surface” is essentially larger.

1.6 Optimization of the energy consumption

Our approach allows us to find the optimal synthesis temperature in the
sense of minimal energy consumption. We are given the powers (Table 1.2,
column 3) needed to achieve various temperatures (column 2) in the YAG
synthesis. The energy outly was calculated for the high-temperature chamber
furnace Nabertherm LHT. From Eqs. (1.6) and (1.7) we can get the diffusion
and reaction rates (columns 4 and 5) needed for specific temperature and then
calculate the corresponding half-times (column 6) by computer modeling. To
calculate the total energy consumption ET (column 7) under given synthesis
temperature T , we take into account the energy consumed for preheating
from room temperature, for which the five times higher furnace power is
used for half an hour. For simplicity, we assume that the total synthesis
time is twice the half-time, although in real experiments, the reaction time

14



Tab. 1.2: The energy consumption in YAG synthesis

No. T (◦C) PT (kW) D k t1/2 (h) ET (MJ)
1 1000 648 4e-6 146 5 7.8
2 1100 667 5e-6 157 4.47 7.3
3 1200 720 6e-6 170 4 7.2
4 1300 975 7e-6 181 3.63 9.0
5 1400 1260 8e-6 191 3.37 11
6 1500 1512 10e-6 200 3.17 13
7 1600 1800 11e-6 209 3 14.4

is somewhat longer.1 To be precise, we use the formula

ET = PT (2.5 + 2t1/2),

where PT is the power used at the synthesis temperature T . Having plot-
ted a graph of energy vs. temperature (Fig. 1.8), we see that the minimal
energy consumption in the YAG synthesis is achieved at the temperature
T ≈ 1170 ◦C.

 7

 8

 9

 10

 11

 12

 13

 14

 15

 1000  1100  1200  1300  1400  1500  1600

T

E (MJ)

(˚C)

Fig. 1.8: Energy consumption vs. temperature.

1 Theoretically, the total reaction time is infinite.
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2. THREE-REACTANT MODEL

2.1 Experimental

In the sol–gel process phosphoric acid, H3PO4, and calcium acetate mono-
hydrate, Ca(CH3COO)2H2O, were selected as P and Ca precursors, respec-
tively. Calcium acetate was first dissolved in 0.2 M CH3COOH at room
temperature (20 ◦C) or at 65 ◦C. To these solutions, phosphoric acid was
added and the resulting mixtures were stirred for 1 h at the same tempera-
tures. In the following step, tartaric acid as complexing agent was added to
the above solutions. After concentrating the solutions by slow evaporation
at 20 ◦C or 65 ◦C under stirring the Ca–P–O sols turned into the transparent
gels. The oven-dried (100 ◦C) gel powders were ground in an agate mortar
and annealed for 5 h at 800–1300 ◦C in air.

2.2 Mathematical model

For synthesis modeling, using the second Fick’s law and active mass law,
we describe the two-reactant reaction

aA+ bB + cC → pP, (2.1)



by the following diffusion–reaction equation system for concentrations ci =
ci(x, t), x ∈ V , t ≥ 0, i = 1, 2, 3, 4, of the reactants A,B,C and product P :

∂c1
∂t

= D

2∑
j=1

∂2c1
∂x2

j

− 1

bc
kc1c2c3

∂c2
∂t

= D
2∑

j=1

∂2c2
∂x2

j

− 1

ac
kc1c2c3,

∂c3
∂t

= D
2∑

j=1

∂2c3
∂x2

j

− 1

ab
kc1c2c3,

∂c4
∂t

= D

2∑
j=1

∂2c4
∂x2

j

+
p

abc
kc1c2c3.

(2.2)

with initial conditions ci(x, 0) = c0i (x), x ∈ V = V ∪ ∂V, i = 1, 2, 3, 4, and
boundary conditions ∂ci(x,t)

∂n
= 0, x ∈ ∂V , t ≥ 0, i = 1, 2, 3, 4. Here V is the

two-dimensional synthesis space, D is the diffusion coefficient, and k is the
reaction rate coefficient. For example, in the case of the CHAp synthesis
reaction

10Ca2+ + 6PO4
3− + 2OH− → Ca10(PO4)6(OH)2, (2.3)

we have a = 10, b = 3, c = 2, and p = 1.
We analyze the relations between D and k by using the following data

known from the true laboratory experiments at Vilnius University: the syn-
thesis times at different temperatures and typical dimensions of the reactant
particles. In our model, for calculations, we use the synthesis half-time, which
is the time, denoted t1/2, in which the total concentration of initial reactants
falls to one half; so, it satisfies the equation∫

V

(c1(x, t1/2) + c2(x, t1/2) + c3(x, t1/2)dx

=
1

2

∫
V

(c1(x, 0) + c2(x, 0) + c3(x, 0))dx. (2.4)

Theoretically, the total concentration of initial reactants, although decays
exponentially, always remains positive, and therefore the “full” synthesis time
is infinite. Practically, we assume that the synthesis is over when the total
concentration of initial reactants becomes “sufficiently small,” namely, the
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unreacted part is less than 0.1% ≈ 2−10. From experiments we know that
the “full”synthesis times are approximately 6, 8, 10, and 16 hours at the
temperatures T = 1200 ◦C, 1100 ◦C, 1000 ◦C, and 900 ◦C, respectively. So,
in our calculations, we assume that the synthesis half-times are one-tenth of
the corresponding “full” times, that is, 0.6, 0.8, 1.0, and 1.6 hours at the
temperatures T = 1200 ◦C, 1100 ◦C, 1000 ◦C, and 900 ◦C, respectively.

As before, in order to have a model appropriate for calculations, we first
have to store the particles periodically. Moreover, to reduce the calculations
to a small area with zero Neumann boundary condition (zero normal deriva-
tive), we have to store the particles symmetrically with respect to any edge
of the boundary of the area. Unlike the two-reactant case, this appeared
to be impossible with square-form or rectangular particles. Happily, in the
three-reactant case, we succeeded to achieve the periodicity and symmetry
by taking rhombic particles so that the synthesis volume V is triangular as
is shown in Fig. 2.1.

Fig. 2.1: Construction of a synthesis space in the two-dimensional three-reactant
model.

In Fig. 2.2, we show in more detail the complex of three rhombic particles
with triangular synthesis space that satisfies the symmetry requirement. The
rhombic particles are bounded by dashed lines, and the synthesis space by
solid lines.

According to chemists, the typical size of particles is about 600 nm =
0,6µm. Taking the longer diagonal of rhombus equal to 1µm, the shorter
one is

√
3/3 ≈ 0,6µm. Thus, we can assume that the side of the triangular is

approximately 1µm. So, summarizing, we arrive at the equation system (2.2)
in the triangular synthesis space V shown in Fig. 2.3, with the initial con-
ditions in the three inner triangles proportional to the initial densities of
the three reactants and zero Neumann boundary conditions, ∂ci

∂n
= 0 on ∂V ,

where n is the normal vector to the boundary.
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Fig. 2.2: Two-dimensional three-reactant model: rhombic particles and triangular
synthesis space.
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Fig. 2.3: The synthesis space in the three-reactant model.

For numerical solving the partial differential equation system (2.2) with
zero Neumann boundary conditions in the triangular area, we have con-
structed a finite difference technique described in Section 4.2 of the disserta-
tion.
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2.3 The main goal

Our estimations are again based on the Arrhenius law describing the
temperature dependence of the diffusion and reaction rate coefficients by the
following relations:

D = D0 exp

{
−ED

RT

}
, k = k0 exp

{
−EA

RT

}
, (2.5)

where ED is the diffusion activation energy, EA is the reaction activation
energy, D0 and k0 are constants, and R = 8.314472.

The other problem that arises in the CHAp (three-reactant) model is
that the synthesis is possible by using the sol–gel method only. Therefore,
we cannot obtain one pair of parameters (D, k) as the intersection of two
curves corresponding to the same temperature. However, we are given four
values of half-times at four different temperatures. In view of this, we have
to modify the method of calculation of the synthesis parameters.

2.4 Calculation method

We calculate the diffusion and reaction rate coefficients as follows:
First, for the temperatures T1 = 1200 ◦C, T2 = 1100 ◦C, T3 = 1000 ◦C, and

T4 = 900 ◦C, we draw the corresponding graphs L1, L2, L3, and L4 of points
(D, k) of the diffusion and reaction rate parameters for which the half-times
are equal to those of the laboratory experiments by using the sol-gel synthesis
method (i.e., t1/2 = 0.6, 0.8, 1.0, and 1.6, respectively). To this end, we use
our computer program that, given any fixed D, half-time t1/2, and particle
size a, numerically solves the system (2.2) until the half-time condition (2.4)
is satisfied and, using the middle-point method, finds the value k such that
half-time coincides with the given one. For each temperature T , a sufficiently
large discrete set of the (D, k) values is joined by a smooth curve. All four
graphs, L1, L2, L3, and L4, are shown in Fig. 2.4.

To calculate the four unknown parameters (ED, EA, D0, k0), we proceed
as follows. For any pair (D1, k1) ∈ L1 and any pair (D2, k2) ∈ L4, using
the Arrhenius law for T1 = 1473K and T4 = 1173K, we write and solve the
following equation system with respect to unknown (ED, EA, D0, k0):
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 5e+009

 1e+010

 1.5e+010

 2e+010

 2.5e+010

 3e+010

 3.5e+010

 0  1e-005  2e-005  3e-005  4e-005  5e-005  6e-005  7e-005  8e-005

L
1

L2

L4

L3

k

D

Fig. 2.4: Calculations in the three-reactant model in the triangular synthesis
space V with edge a = 1 (µm) shown in Fig. 2.3.

D1 = D0 exp

{
− ED

R · T1

}
, D2 = D0 exp

{
− ED

R · T4

}
,

k1 = k0 exp

{
− EA

R · T1

}
, k2 = k0 exp

{
− EA

R · T4

}
.

This way, we get the set of possible collections of the parameters

(Ei
D, E

i
A, D

i
0, k

i
0), i = 1, 2, . . . .

Repeating this for curves L2 and L3, we get another set of possible collections
of the parameters, (Ej

D, E
j
A, D

j
0, k

j
0), j = 1, 2, . . ..

Using the weighted least-squares method, we look for the minimal value
of the sum

w1(E
i
D − Ej

D)
2 + w2(E

i
k − Ej

k)
2 + w3(D

i
0 −Dj

0)
2 + w4(k

i
0 − kj

0)
2, (2.6)

where we choose the weight coefficients wi, i = 1, 2, 3, 4, so that the sum-
mands are approximately of the same order. The collections of parame-
ters minimizing the sum (2.6), say (Ei0

D , E
i0
A , D

i0
0 , k

i0
0 ) and (Ej0

D , Ej0
A , Dj0

0 , k
j0
0 ),
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can both serve as estimates of (ED, EA, D0, k0); the first collection repre-
sents the curves L1 and L4, while the second one represents L2 and L3. To
equate their “contribution,” we finally take the average values of parameters:
(ED, EA, D0, k0) = ((Ei0

D +Ej0
D )/2, (Ei0

A +Ej0
A )/2, (Di0

0 +Dj0
0 )/2, (k

i0
0 +ki0

0 )/2).
Now we can use these values to calculate D and k for arbitrary tempera-
ture T . Their values for temperatures Ti, i = 1, 2, 3, 4, are marked in Fig. 2.4
by “�”.

2.5 Calculation results

For the three-reactant model, we obtained the diffusion and reaction rates
as functions of synthesis temperature T :

D = 6.5e-5 exp(−5.6e3/(RT )), (2.7)
k = 8.7e11 exp(−5.5e4/(RT )). (2.8)

The obtained Arrhenius law equations (1.6)–(1.7) give us the diffusion and
reaction rates at temperatures T = 900 ◦C, 1000 ◦C, 1100 ◦C, and 1200 ◦C,
presented in Table 1.

Tab. 2.1: Diffusion and reaction rates
T 900 ◦C 1000 ◦C 1100 ◦C 1200 ◦C
D 3.7e-5 3.9e-5 4e-5 4.1e-5
k 3e9 4.6e9 6.8e9 9.4e9
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3. CONCLUSIONS

Using the second Fick’s, active mass, and Arrhenius laws, we presented
and analyzed two-reactant (two- and three-dimensional) and three-reactant
(two-dimensional) models of synthesis reactions at high temperatures in the
forms of diffusion–reaction equation systems describing the dynamics of con-
centrations of reactants and products. Based on these models, we provided
methods for calculation of diffusion and reaction-rate coefficients of such
reactions when limited data (half-times and approximate sizes of reactant
particles) from real laboratory experiments are given. Applying these meth-
ods for concrete YAG (two-reactant) and CHAp (three-reactant) synthesis
reactions that were realized in real laboratory experiments, we obtained the
following results:

1. We obtained explicit formulas for diffusion and reaction rate co-
efficients expressing their dependence of on the temperature, provided by
Eqs. (1.6)–(1.7) for YAG and Eqs. (2.7)–(2.8) for CHAp. At the same time,
we have calculated activation energies, important data that can be used to
analyze other syntheses.

2. In YAG synthesis, for reaction rate coefficients, we see similar results in
all dimensions. However, for diffusion coefficients, we the results are similar
only for two- and three-dimensional models. Since calculations in the three-
dimensional case are significantly more time-consuming than in the two-
dimensional case, the two-dimensional model seems to be a good choice for
much simpler and less time-consuming calculations.

3. Using Eqs. (1.6)–(1.7), we have found the parameters D and k in the
YAG synthesis and, by computer modeling, the corresponding half-times for
several temperatures. Having them, we calculated the energies consumed at
these temperatures and found the optimal temperature.
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CHEMINIŲ SINTEZIŲ PRIE AUKŠTŲ TEMPERATŪRŲ MODELIAVIMAS

Reziumė

Homogeninių reakcijų dydis yra randamas stebint sintezėje dalyvaujančių
medžiagos dalelių mažėjimą arba naujai susidariusios medžiagos prieaugį,
esant pastoviai temperatūrai. Tačiau heterogeninėse reakcijose koncentracijos
sąvoka nėra taip pat reikšminga, o reakcijos rezultatai yra apskaičiuojami
kitokiais metodais. Heterogeninių reakcijų mechanizmo bei kinetikos studi-
javimas priverčia atsižvelgti į dalelių kiekio pasikeitimus kintant laikui [3, 10,
19, 32]. Daugybė lygčių, susijusių su kietafazių reakcijomis prie izoterminių
ir neizoterminių sąlygų (Fick arba Prout–Tompkins modelis) yra aprašyti ir
išnagrinėti [1, 5, 11, 34, 47]. Kinetiką aprašančių lygčių interpretavimas yra
sudėtingas, nes atsižvelgiama į sąlygas, prie kurių pradeda vykti cheminė sin-
tezė, kaip naujai susidariusios medžiagos dalių kiekis auga arba kiek dalelių
susinaudoja vykstant reakcijai. Šioms kietafazių reakcijų problemoms spręsti
buvo pasiūlytos naujos matematinės aproksimacijos bei skaitiniai modeliai
[13, 35, 36]. Turėdami ribotus duomenis iš realių laboratorinių eksperimentų,
mes pritaikėme mūsų modelį skirtingų sintezių parametrų skaičiavimams,
tokių kaip difuzijos bei reakcijų greičio koeficientų radimui. Tarp realių lab-
oratorinių eksperimentų parametrų mes turėjome tik sintezės puslaikius prie
skirtingų temperatūrų bei apytikslius dalelių dydžius. Savo skaičiavimuose
mes naudojomės Fick’o, Arrhenius’o ir veikiančių masių dėsniais.

Darbo aktualumas

Dažnai matematiniame modeliavime, sprendžiant aktualias problemas
yra naudojami diferencialinių parabolinių lygčių skaitiniai sprendimo meto-
dai. Darbe nagrinėjamas itrio aliuminio granato (YAG) ir sintetinio kalcio
hidroksiapatito (CHAp) sintezės prie aukštų temperatūrų matematinis mod-
eliavimas. Abi medžiagos yra svarbios dėl savo unikalių savybių.

Pavyzdžiui, itrio aliuminio granatas 2Y3Al5O12 yra plačiai naudojama
optinė medžiaga, kuri turi daugybę unikalių savybių (žr., pavyzdžiui, [14,



4, 16, 22, 27, 29, 30, 33]). YAG milteliai galibūti pagaminti skirtingais
metodais, tokiais kaip kietafazių reakcijų, zolių-gelių ir kiti metodai (žr.,
pavyzdžiui, [2, 17, 18, 24, 28, 41, 48, 49, 50]). Sintetinis kalcio hidroksiapati-
tas, Ca10(PO4)6(OH)2 yra žinomas kaip vienas iš svarbiausių implantuojamų
medžiagų dėl savo biologinio suderinamumo ir aktyvumo ir yra naudojamas
kaip pakaitalinė medžiaga žmogaus kietųjų audinių [45, 25, 40]. Dėl savo
cheminės struktūros CHAp pagaminimas priklauso nuo pasirinktų procesų
[12, 15, 23, 43]. CHAp gali būti pagamintas skirtingais zolių-gelių metodais,
pavyzdžiui, nevandeniniu [38, 51] ir vandeniniu [46, 31].

Zolių-gelių proceso parametrų, tokių kaip pradinis medžiagų kiekis, pH,
temperatūra, maišymo greitis, maišymo laikas ir kt. turi būti kruopščiai
kontroliuojami [6, 7, 8, 9].

Abiejų medžiagų sintetinimas yra brangus, kadangi jų pagaminimas reika-
lauja ilgalaikio aukštos temperatūros palaikymo (žr., pavyzdžiui, [37, 42, 44]).
Įprastais eksperimentais nagrinėti sąlygas bei ieškoti parametrų, prie kurių
įmanomna pagaminti minėtas medžiagas, būtų labai sudėtinga ir brangu.
Todėl svarbu sukurti teorinius matematinius modelius, kurių pagalba būtų
galima atlikti šitas užduotis.

Darbe vienamatis modelis išplėtotas dvimačiam ir trimačiam atvejams.
Natūralu, kad trimatis atvejis yra tikslesnis ir tikroviškesnis, tačiau kaip
parodė mūsų kompiuteriniai eksperimentai, dvimačiu atveju, skirtingai nuo
vienamačio atvejo, rezultatai yra panašūs ir todėl gali būti naudojami modeli-
avimui kaip paprasteni ir reikalaujantys ženkliai mažiau kompiuterinio laiko.

Nagrinėjant sintetinio kalcio hidroksiapatito sintezę, sukurtas bendras
dvimatis matematinis modelis, leidžiantis ieškoti sintezei reikalingų parametrų
trijų reagentų atveju.

Tyrimų objektas

Tyrimų objektas – matematiniai modeliai, skirti cheminių sintezių prie
aukštų temperatūrų parametrų radimui.

Darbo tikslai

Apibendrinti ir išplėtoti dviejų reagentų sintezės vienamatį matema-
tinį modelį dvimačiam ir trimačiam atvejams.

Sukurti ir išnagrinėti trijų reagentų matematinį modelį.
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Darbo uždaviniai

• Sukurti ir ištirti YAG (dviejų reagentų) vienamačio modelio dvimatį ir
trimatį analogus.

• Rasti aktyvacijos energijas dvimačiame ir trimačiame YAG sintezės
modeliuose.

• Rasti YAG sintezės dvimačio ir trimačio modelių difuzijos ir reakcijos
koeficientų priklausomybes nuo temperatūros.

• Palyginti vienamačio, dvimačio ir trimačio YAG sintezės matematinio
modeliavimo parametrų rezultatus.

• Rasti YAG sintezės optimalią temperatūrą, minimizuojančią energijos
sąnaudas.

• Sukurti CHAp (trijų reagentų) dvimatį matematinį modelį.

• Rasti CHAp sintezės aktyvacijos energijas ir difuzijos bei reakcijos
greičio koeficientų priklausomybes nuo temperatūros.

Tyrimų metodika

Atlikdami tyrimus, taikėme diferencialinių lygčių su dalinėmis išvestinėmis
skaitinius sprendimo metodus. Kompiuterinių eksperimentų programos pa-
rašytos ANSI C kalba, naudojant skaičiavimų lygiagretinimo biblioteką MPI.

Darbo mokslinis naujumas

Disertacijoje sukurti ir išnagrinėti dvimačio bei trimačio dviejų reagentų
ir dvimačio trijų reagentų cheminės sintezės matematiniai modeliai ir jų
parametrų skaičiavimo metodika bei skaitiniai algoritmai. Atlikto darbo
rezultatai apibendrina ir išplėtoja iki šiol gautus rezultatus vienamačiame
dviejų reagentų modelyje.

Kadangi pereinant tiek prie didesnių sintezės erdvės dimensijų, tiek prie
didesnio reagentų skaičiaus žymiai padidėja skaičiavimų trukmė, ypatingas
dėmesys buvo skiriamas sprendimo pagreitinimui, sudarant efektyvesnius
skaičiavimo algoritmus ir skaidant bei lygiagretinant uždavinius.
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Darbo rezultatų praktinė reikšmė

Sudaryti ir realizuoti skaitiniai algoritmai, leidžiantys modeliuoti chem-
inės sintezės difuzijos–reakcijos procesus, rasti jų parametrus, turint ribotus
laboratorijose gautus duomenis. Algoritmai pagrįsti lygiagretumo principu.
Rastos difuzijos ir reakcijos koeficientų priklausomybės nuo temperatūros.
Apskaičiuotos aktyvavimo energijos, svarbios kitų sintezės uždavinių anal-
izei.

Gynimui pateikiama

• Dviejų reagentų dvimatis bei trimatis ir trijų reagentų dvimatis sintezės
modeliai.

• Sintezės parametrų šiuose modeliuose skaičiavimo metodai.
• Parametrų skaičiavimų rezultatai konkrečiais YAP (dviejų reagentų) ir

CHAp (trijų reagentų) sintezės atvejais.

Disertacijos struktūra

Disertaciją sudaro įvadas, keturi skyriai ir literatūros sąrašas. Skyriai yra
suskirstyti į poskyrius. Disertacijos apimtis – 79 psl.

1 skyriuje trumpai pagrindiniai disertacijoje naudojami fizikinės chemi-
jos dėsniai ir nuostatos, trumpai apibūdinti matematiniai cheminių reakcijų
modeliai – atitinkamos difuzijos-reakcijos lygčių sistemos, jiems patikrintas
masės tvermės dėsnis.

2 skyriuje nagrinėjami dviejų reagentų sintezės reakcijos vienamatis, dvi-
matis ir trimatis modeliai. Konkretūs reakcijos parametrų skaičiavimai at-
likti ir palyginti YAG sintezės atveju, remiantis duomenimis iš realių labora-
torinių eksperimentų VU Chemijos fakultete.

3 skyriuje nagrinėjamas trijų reagantų dvimatis modelis. Sukonstruotos
periodiškumo ir simetrijos reikalavimus atitinkančios reagentų dalelių formos
ir sintezės erdvė (rombinės dalelės ir trikampė erdvė), leidžiančios atlikti
skaičiavimus trikampėje srityje su Neumanno kraštinėmis sąlygomis.

4 skyriuje aprašyti skaitiniai metodai bei algoritmai, naudoti difuzijos–
reakcijos lygčių sistemoms spręsti. 4.1 poskyryje trumpai aprašytas standar-
tinis skirtuminis metodas intervalui, kvadratui ir kubui, naudotas 2 skyriaus
uždaviniams spręsti. 4.2 poskyryje aprašytas naujai sukonstruotas skirtu-
minis metodas trikampei sričiai, reikalingas 3 skyriaus uždaviniams spręsti.
Abiejų poskyrių pabaigoje pateikti metodus iliustruojantyss grafikai. 4.3 po-
skyryje pateiktas parametrų skaičiavimų lygiagretinimo algoritmas.
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