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Abstract

In this thesis we investigate the convergence of Euler’s and Yosida approximations of
operator semigroups. We obtain asymptotic expansions for Euler’s approximations of
semigroups with optimal bounds for the remainder terms. We provide various explicit
formulas for the coefficients for these expansions. For Yosida approximations of semi-
groups we obtain two optimal error bounds with optimal constants. We also construct
asymptotic expansions for Yosida approximations of semigroups and provide optimal

bounds for the remainder terms of these expansions.

Reziumeé

Disertacijoje tiriamas operatoriy pusgrupiy Eulerio ir Josidos aproksimacijy konvergavi-
mas. Gauti Eulerio aproksimacijy asimptotiniai skleidiniai ir optimalus liekamyjy nariy
jverciai. Taip pat pateiktos jvairios §iy skleidiniy koeficienty analizinés iSraiskos. Josidos
aproksimacijoms buvo rasti du optimalus konvergavimo grei¢io jverciai su optimaliomis
konstantomis. Taip pat gauti Josidos aproksimacijy asimptotiniai skleidiniai ir liekamyjy

nariy jverciai.
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Introduction

The semigroup theory plays an important role in many research areas, one of which is
the theory of evolution equations. It is well known that a strongly continuous semigroup
S(t) = et gives the solution u(t) = S(t)x of the abstract Cauchy problem

W — Au(t),  t>0,

u(0) = .

Since A is usually an unbounded linear operator, it is often difficult to study the semi-
group S(t) or the solution of the corresponding Cauchy problem directly. For this pur-
pose, various approximations are used, including Euler’s or Yosida approximations of
semigroups. The question of convergence rate of these approximations to the given semi-
group arises naturally and was investigated in many articles (e.g. [14], [32], [11], [6]). In
our work we applied a simple method to obtain optimal error bounds and asymptotic

expansions for some approximations of semigroups.

The aim of this thesis is to investigate the asymptotic behaviour of some approximations
for semigroups. In particular, we provide asymptotic expansions for Fuler’s approxima-
tions of bounded holomorphic semigroups and obtain optimal bounds for the remainder
terms of the expansions. For Euler’s approximations in general Banach algebras, we
provide explicit formulas for asymptotic expansions using another approach. We also
investigate the convergence of Yosida approximations. In case of bounded holomorphic
semigroups of contractions we provide two optimal error bounds with optimal constants.
We also provide asymptotic expansions and optimal bounds for the remainder terms of

these expansions.

To obtain asymptotic expansions we use an approach which was used by Bentkus in [5]
for analysis of errors in the Central Limit Theorem and in approximations by accompa-
nying laws and applied by Bentkus and Paulauskas in [7] to derive optimal convergence
rates in Chernoff-type lemmas and Euler’s approximations of semigroups. We use this
method to obtain optimal error bounds for Yosida approximations as well. Another
interesting approach to analysis of error bounds and asymptotic expansions for Euler’s
approximations of semigroups in general Banach algebras was proposed by Bentkus in

[6]. This method is based on applications of the Fourier-Laplace transforms and a re-



duction of the problem to the convergence rates and asymptotic expansions in the Law

of Large Numbers.
The thesis consists of an introduction, 4 chapters and bibliography.

1. In the first chapter we give some results from the general theory of semigroups.
Section 1.1 is dedicated to the basic definitions and properties of operator semi-
groups, their resolvents and generators. In section 1.2 we introduce classes of
differentiable and holomorphic semigroups. Section 1.3 is devoted to approxima-
tions of semigroups and in Section 1.4 we describe the main method which we used
to obtain optimal error bounds and asymptotic expansions for approximations of

semigroups.

2. In the second chapter we obtain asymptotic expansions for Euler’s approxima-
tions of semigroups using the method of multiplicative representations how it was
proposed by Bentkus in [5]. We also obtain the so-called inverse expansions and

provide optimal bounds for the remainder terms.

3. In the third chapter we present another approach to asymptotic expansions and
convergence rates for Euler’s approximations of semigroups. This approach was
used by Bentkus in [6]. We provide explicit formulas for the coefficients and the

remainder terms of the expansions obtained by using this alternative method.

4. In Chapter 4 we provide an optimal point-wise error bound and asymptotic ex-
pansions for Yosida approximations of semigroups. We also obtain the optimal
bounds for the remainder terms. Using another variant of the same method we ob-
tain another optimal bound for the error of approximation and provide the inverse

asymptotic expansions with optimal remainder terms.
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1 Semigroups of operators

1.1 Strongly continuous semigroups

Let X be a complex Banach space and let L(X) be the space of bounded linear operators
on X. We denote the norms on X and L(X) by the same notation || - ||.

Definition 1.1. A function S : Ry — L(X) is called a semigroup if it satisfies the

semigroup property

S(t+s)=5(t)S(s) (1.1)
for all s,t >0 and S(0)=I (I is identity operator on X ) (see [33], Def. 1.1.1).

Definition 1.2. A semigroup S(t), 0 < t < oo of bounded linear operators on X is a

strongly continuous semigroup if

lgf(r)l Sit)r == (1.2)

for every x € X (see [33], Def. 1.1.2).

The property (1.2) means that S(¢) is continuous in strong operator topology on X for
all t > 0 (see p. 37 in [19]). Strongly continuous semigroups of bounded linear operators

on X are often called semigroups of class Cy or simply Cj semigroups.

If semigroup is continuous in uniform operator topology on X for all ¢ > 0 then it is

called a uniformly continuous semigroup.

By Theorem 1.2.2 in [33] every strongly continuous semigroup S(¢) is exponentially
bounded, i.e. there exist constants w > 0 and M > 1 such that

ISl < Me*"  for 0<t<o0.

If w = 0 then S(t) is called uniformly bounded (or bounded) semigroup. If || S(¢)|| < 1

then it is called a semigroup of contractions.

Generator

One way to describe a strongly continuous semigroups is through its generator.
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Definition 1.3. The (infinitesimal) generator A of a strongly continuous semigroup S(t)

on a Banach space X is the operator

1
Az = 1}5{)1 E(S(h):p — Iz)
defined for every x in its domain D(A) = {x € X : limy,o(S(h)x — Ix)/h exists} (see p.
49 in [19]).

In other words, the right derivatives at ¢ = 0 of the orbit maps S(:)z are equal to Ax
for all x € D(A). For uniformly continuous semigroups the generator A is equal to
the derivative of S(-) at zero, i.e. A = S(0) (see p. 17 in [19]). The generator of a
strongly continuous semigroup is a closed and densely defined operator that determines
the semigroup uniquely (see p. 51 in [19]). Also, by Theorem 1.2.4 in [33], if A is the
generator of the strongly continuous semigroup S(t) then for x € D(A), S(t)x € D(A)

and

d
%S(t)x = AS(t)x = S(t)Ax.

By Theorem 1.1.2 in 33| a semigroup is uniformly continuous if and only if it’s generator
is a bounded linear operator. If A is a generator of a uniformly continuous semigroup

S(t) then we can write

st =% (t;‘!)n. (1.3)

For this reason we often denote a uniformly continuous semigroup by S(t) = exp{tA}.
This notation is also widely used for strongly continuous semigroups though the gener-
ator of a strongly continuous semigroup is usually unbounded and the series (1.3) does
not converge. We will justify this notation later in Section 1.3 using the so-called "expo-
nential formulas". The notation S(t) = exp{—tA} is also used by some authors (see for
example [7], [32], [5]). By Definition 1.3, the generator of such semigroup is understood

to be a linear operator —A.
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Resolvent

The resolvent set p(A) of a linear operator A (not necessarily bounded) in X is the set
of all A € C for which A\I — A is invertible, i.e., (A\] — A)~! is a bounded linear operator
in X. The family

RO\ = —A)"  Xep(4)
is called the resolvent of A.

By Theorem 1.5.2 in [33], if A is the generator of a bounded strongly continuous semi-
group S(t), satistying ||S(¢)|| < M (M > 1), then the resolvent set p(A) contains R,
and

M

IR <5 for A>0, n=12...

1.2 Classes of semigroups

In this section we give the definitions and some properties of two interesting subclasses

of strongly continuous semigroups.

Differentiable semigroups

For strongly continuous semigroup S(¢), t > 0 with generator A on X, the orbit maps
S(t)z are differentiable for ¢ > 0 if x € D(A). Thus these orbits are differentiable for
all x € X only if A is bounded (and D(A) = X). Here we introduce a class of strongly
continuous semigroups for which the orbit maps are differentiable for all z € X, but not
for all ¢ (see p. 109 in [19], p. 51 in [33]).

Definition 1.4. Let S(t) be a strongly continuous semigroups. We say that S(t) is
differentiable for t > ty if for every x € X, the function t — S(t)z is differentiable for
t > tg. A semigroup S(t) is called differentiable if it is differentiable for ¢ > 0.

By Corollary 2.4.4 in [33], if S(¢) is a differentiable strongly continuous semigroup, then
S(t) is differentiable infinitely many times in the uniform operator topology for ¢t > 0
and by Lemma 2.4.2 in [33] it’s nth derivative satisfies S™(t) = A"S(t) for t > 0 and
n=12....
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Holomorphic semigroups

Next we define the holomorphic semigroups. This class of semigroups plays an important
role in the theory of evolution equations. See Section 3.7 in [1], Section 2.5 in [33], Section

I1.4 in [19] for many interesting properties of holomorphic semigroups.

Definition 1.5. Let ¥y = {z : |argz| < 0} be a sector in the complex plane for some
0 >0 and for z € 3y let S(z) € L(X). The family S(z), z € ¥y is called a holomorphic

semigroup in X if :

(i) the function z — S(z) is analytic in 3y,

(i1) S(0) =1 and lim, g ,ex, S(2)x =z for every x € X,
(1ii) S(z1 + 22) = S(21)S(22) for z1, 20 € Xy.

A semigroup S(t), t > 0 is called holomorphic if it is holomorphic in some sector ¥g

containing the nonnegative real axis.

A semigroup S(¢), t > 0 is called a bounded holomorphic semigroup in the sector ¥ if
it has a bounded holomorphic extension to Xy for cach §' € (0,6). We call S(¢),t >0 a
bounded holomorphic semigroup if it is a bounded holomorphic semigroup in some sector
Y9, 0 > 0. Note that if S(¢) is a bounded semigroup which is holomorphic then it is not
necessarily a bounded holomorphic semigroup. For example, (see p. 153 in [1]), take
X = C and S(t) = € (t > 0). It is obviously a bounded semigroup (|e‘| = 1 for all
t € R) and ¢ is holomorphic in the entire C. But it is not bounded in any sector ¥,
0 > 0: take 2 = —ycot(6/2) + iy (then |argz| < ), then |¢*| = ¢ — 00 as y — —oc.

1.3 Approximations of semigroups

In this section we introduce Euler’s and Yosida approximations of semigroups. The need
for approximations arises because in many important cases the study of the unbounded
operator A and the semigroup that it generates is very complicated. Therefore it is often
useful to try to build up the given operator and its semigroup from the simpler ones.
There are many generation theorems which involve various approximations (see [22], [1],

[19], [33], [42]). Euler’s and Yosida approximations are used in the theory of partial
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differential equations to approximate the solutions of evolution equations (see [33], [19],
[21], [25])-

In Section 1.1 we noted that any uniformly continuous semigroup S(¢) can be given by

the converging (since its generator A is bounded) exponential series

St =Y (t:!)n.

and therefore we often denote a uniformly continuous semigroup by S(t) = €. For
strongly continuous semigroups the above series does not converge in most cases since
A is unbounded (see Exercise 3.12 in [19] for an example of the strongly continuous

semigroups for whose generator the above series converges only when ¢ = 0 or x = 0).

With the help of Euler’s and Yosida approximations we provide two more exponential
formulas which justify the notation of any strongly continuous semigroup S(t) as an
exponential function S(t) = e* of its (unbounded) generator A. For more exponential

formulas see, e.g., [22], p. 354.

Euler’s approximations of semigroups

Let S(t), t > 0 be a strongly continuous semigroup with a generator A and resolvent
R(\). We consider the functions

t— E™(t):= (n/t)"R"(n/t) = (I —tA/n)™", n €N,

which are called the Fuler’s approzimations of the semigroup S(t). Euler’s exponential

formula

S(t)r = lim E"(t)x,

n—oo
was first proved by Hille in the strong operator topology for strongly continuous semi-
groups(see [22], [19]). It is known to converge in the uniform operator topology for

bounded holomorphic semigroups ([14]).

14



Yosida approximations of semigroups

In Euler’s exponential formula we approximate the semigroup S(¢) by the powers of
bounded operators. Another method to construct a strongly continuous semigroup is to
approximate its generator A by some sequence of bounded operators A, and then hope
that a strongly continuous semigroup S(t) is the limit of exponentials (uniformly con-
tinuous semigroups) e*#!. In our work, we consider only contraction semigroups because
the technical details are much easier in this case. The general case could be deduced
from this one by renorming the Banach space X so that the bounded strongly continuous

semigroup becomes a semigroup of contractions (see, e.g., [33] for more details).

Let A be a generator of strongly continuous semigroup S(t). We define the Yosida
approximant of A by
Ay = M — A

for all A > 0. It can be shown (see Lemma 1.3.4 in [33]) that if S(¢) is semigroup of
contractions then A, is the generator of a uniformly continuous semigroup of contractions
Si(t). Furthermore,

S(t)x = lim S\(t)z, for z € X.

—00

We call Sy(t), A > 0 Yosida approzimations of contraction semigroup S(t).

1.4 Convergence rate and asymptotic expansions

In our work we investigate the convergence of the Euler’s and Yosida approximations
to the corresponding semigroup S(¢). In particular, we are interested in estimation of

€rrors

[|Sx(t) = S(t)]], as A — oo, (1.4)

and

[ISA(t)z — S(t)z|, as A — . (1.5)

where S, (¢) are Yosida approximations of the semigroup S(¢).
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The convergence rate of Euler’s approximations E,(t) to a semigroup S(¢) was analysed
in many research articles. For semigroups in Hilbert spaces generated by m-sectorial
operators, Cachia and Zagrebnov in [14] obtained the bound A, = O(n~'Inn), where
A, = ||E,(t) — S(t)||. Paulauskas in [32] improved the bound to the optimal O(n™!)
using a new method based on the results and methods of probability theory related to
the Central Limit Theorem. Cachia in [11] extended the bound O(n~!Inn) to the case
of bounded holomorphic semigroups and noticed that the Paulauskas argument can be
applied to improve the bound to O(n™!). Bentkus in [6] obtained asymptotic expansions
for Euler’s approximations of semigroups and optimal error bounds using an approach
based on applications of the Fourier—Laplace transforms and a reduction of the problem
to the convergence rates and asymptotic expansions in the Law of Large Numbers. In
particular, for bounded differentiable semigroups, the error bound A, = O(n~!) was
obtained. It covers and refines all known related results obtained for semigroups in
Banach algebras. New proofs for A, = O(n™!) in case of quasi-sectorial contraction
semigroups were presented in [2], [43].

Bentkus and Paulauskas in [7] obtained error bound for Euler’s approximations (I+tA) ™"

t

of bounded holomorphic semigroup e~ generated by —A

(I +tA/n)™ — etA|| < 4K?/n, (1.6)

using multiplicative representations for these approximations. Such an approach was
used by Bentkus in [5] for analysis of errors in the Central Limit Theorem and in ap-
proximations by accompanying laws and applied by Bentkus and Paulauskas in [7] to
derive optimal convergence rates in Chernoff-type lemmas and Euler’s approximations
of semigroups. We use this method to obtain error bounds for (1.4) and (1.5). It is
based on application of Newton-Leibniz formula along a smooth curve (7), connecting

two close objects v(0) and (1) :

A1) = A(0) = / ¥ (r)dr.

Here the main problem is to to choose 7 so that the consequent proofs become as simple
and transparent as possible. One of possible choices of v was described in [5], Section 4

as follows.
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Let f,g:[0,1] — B be sufficiently smooth functions taking values in a Banach algebra B
and such that f(0) = ¢(0) = I. Consider the union R, = f([0,1])Jg([0,1]) of images

of f and g. We assume that operators from the set Ry, C B commute.

We are interested in estimation of the difference (note that A, (0) = 0)

A, =A, (1) =f"(1)-g¢"(1) for n=1,2,...

Write (1) = f"(7)g"(1 — 7) and note that v(1) = f"(1) and v(0) = g™(1), since we
assume that f(0) = g(0) = I. Hence A,, = (1) — v(0). Using Newton-Leibniz formula

(1) — A(0) = / ¥(r)dr,

we can write

1
By =n [ £ D=1 - (g =)A= (L)
0
For example, to obtain the error bound (1.6), Bentkus and Paulauskas take f(7) =
(I +7tA/n)7Y, g(1) = exp{—7tA/n} so that the multiplicative representation of the
difference A, = (I +tA/n)™™ — exp{—tA} becomes

A, = % / T(tA)P (I + 7t A/n) ™" (7t /n) exp{—t(1 — 7) A} dr. (1.8)

Then Bentkus and Paulauskas estimate the integrand in the left side of (1.8) to derive
(1.6). In [38] we use this representation to obtain asymptotic expansions for Euler’s
approximations of semigroups. However, other choices of v may be possible and may
lead to even nicer results which we demonstrate with Yosida approximations in [40] and
[41].

Iterative applications of (1.7) may lead to asymptotic expansions for approximations and
semigroups. Using this approach, for Euler’s approximations of semigroups we provide

asymptotic expansions of type

17



1

n _ a Qg
E “/”)—S“)*n*“'wH(M) ——

with coeflicients a;, depending on semigroup S(t) = exp{tA} and independent of n. We
also obtain asymptotic expansions of the semigroup via Euler’s approximations (the so
called inverse expansions)
S(t)zE"(t/n)—i—[:+~~~+z’;€+0<n1k> as n — oo,

with by, which are linear combinations of functions t — (tA)™E"(t/n) with coefficients
independent of n. We provide optimal bounds for the remainder terms of these expan-
sions. Using this method we obtain asymptotic expansions (both direct and inverse)
for Yosida approximations as well. In [6] Bentkus proposed another approach to obtain
error bounds and asymptotic expansions for Euler’s approximations of semigroups in Ba-
nach algebras. We describe this method briefly in Chapter 3 where we provide explicit

formulas for these expansions.
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2 Asymptotic expansions for Euler’s approximations

of semigroups

2.1 Introduction

Let X be a Banach space and L(X) be a space of bounded linear operators on X. Let
S(t) = exp{tA}, t > 0 be a strongly continuous semigroup of operators from L(X) with
a generator A and let R(\) = (A\] — A)™! be the resolvent of A. Denote

E(X) = (1/NR(1/N).

We define the functions

E*(t/n) = (n/t)"R"(n/t) = (I —tA/n)™", n €N,
which are called the Euler’s approximations of the semigroup S(t).

We consider asymptotic expansions of Euler’s approximations

n _ ax ak 1 ]
E(t/n)—S(t)+n+-~~+nk+0(nk) as n — oo, (2.1)

with coefficients a; depending on S(t) and independent of n. We also obtain asymptotic

expansions of the semigroup

b 1
n—’; +o (nk> as n — 0o, (2.2)

with b, which are linear combinations of functions ¢ — (tA)™E"(t/n) with coefficients

S(t) = E*(t/n) +%+...+

independent of n. We provide explicit and optimal bounds for the remainder terms in
(2.1) and (2.2).

To obtain asymptotic expansions we use a decomposition of Euler’s approximations which
is an integro-differential identity. This approach was described in Section 1.4. That is,
we express the difference Dy = E"(t/n) — S(t) using the multiplicative representation

(1.8). In our notation, we have

19



Dy =E"(t/n)— S{) =

S|~

/ F(EAZE (7t /) S(H(1 — 7)) dr. (2.3)

Iterative applications of this identity lead to asymptotic expansions of Euler’s approxi-

mations E™(t/n) and semigroup S(t).

2.2 Short asymptotic expansions

To make the exposition more comprehensible, we first formulate the results in the special
case of short expansions, i.e., expansions with remainders O(n~2). We start with a related

integro-differential identity.

Theorem 2.1. Assume that the semigroup S(t) is differentiable. Then the following
integro-differential identity holds

tA)?
E™(t/n) = S(t) + (2n> S(t) + Dy, (2.4)
where the remainder term Dy is given by
1
with
1
D, = /72(tA)3E”+1(7't/n)S(t(1 —T1))dr
0
and

11
Diy— / / P (tAV B (ryrat /) S (H — 1)) dy .
00
We note that the formal identities (2.4) and (2.8) were also obtained by Bentkus in [5],

but we provide them here for the sake of completeness.

To estimate the remainder term D; in expansion (2.4), we use conditions (2.6) and (2.7).
These conditions are satisfied by bounded holomorphic semigroups by Theorems 2.5.2
and 2.5.3 in [33].

20



Theorem 2.2. Assume that there exists a constant K independent of n and t such that

n|tA(I —tA)™| < K (2.6)
and
SOOI <K, [tAS@H)]| < K (2.7)
foralln =1,2,... andt > 0. Then the remainder term Dy in asymptotic expansion
(2.4) satisfies
C
1P| < 5 K,
n

where C is an absolute positive constant.

Now we consider the so-called inverse expansions, i.e., expansions where the semigroup
S(t) is approximated by E™(t/n). Again we start with a short expansion with the

remainder term O(n=2).

Theorem 2.3. Let S(t) be a differentiable semigroup. Then the following integro-
differential identity holds

S(t) = E™(t/n) + % + A4, (2.8)

where by = —3(tA)2E"(t/n). The remainder term A, is given by

2n
where Dy is given by (2.5), and Dy is given by (2.3).

To estimate the remainder term A; in expansion (2.8), we use the same conditions as in
Theorem 2.2.

Theorem 2.4. Assume that there exists a constant K independent of n and t such
that conditions (2.6) and (2.7) are satisfied for all n = 1,2,... and t > 0. Then the

remainder term Ay in asymptotic expansion (2.8) satisfies

C
IMES=Y S
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where Cy is an absolute positive constant.

2.3 The general case

Now we generalize the results of Theorems 2.1-2.4 for asymptotic expansions of any given

length k. We first need some additional notation. Henceforth, Z means summation

«
over all integer components oy, ..., ay of vectors & = (avy, . .., ) which satisfy certain

conditions. Write

1 1 * 1
ml = d cpn;= - — —  fi | =2,...,m, 2.9
Em.1 m+1 e Cmy m+jz 1203 .. . 15 o m (2.9)

where i = (ia, 143, ...,1;) satisfy 2 <i; <m —j+2and i1 +2 <i, <m+j—2(n—1)
for n=2,3,...,7 — 1. Then the coefficients a,, in (2.1) are given by

U = f: Cm j (tA)"HIS(1). (2.10)
For example, we have
a)p = LI;{)QS@),
(A (tA)® (tA)°
az = 1 S(t) + 5 S(t) + 13 S(t).

We note that an alternative form of the coefficients ¢, ; is

1 1
Cm,j ﬁ Z —,

119 .. . 1,
ineetij=mag L2 7
where i1, 2,...,7; > 2and 1 < 7 < m. Here E means summation over all distinct
i1 tin=k
ordered n-tuples of positive integers i1, . .., 4, whose elements sum to k.

We also define the functions
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Okj = 0 (T1,...,T —leﬂz ‘..T;] for 7=2,...,k+1, (2.11)

where @ = (i9,13,...,4;) satisfy 1 <i4; <k —j+2and ipp1 +2<4, <k+j—2(n—1)

forn=2,3,...,7—1. When j =1, aklkaH

To shorten the notation for multiple integrals we use a sequence of independent iden-

tically distributed random variables 7,71, 72,... uniformly distributed in the interval
1

[0,1]. Then we can write [ f(7)dr = Ef(r) for any function f. In the case where f is
0

a function of k variables, we write Ef(m,...,7;) instead of a k-tuple integral.

Theorem 2.5. Let S(t) be a differentiable semigroup. Then we have

a a
E”(t/n):S(t)+;1+~~-+n—';+Dk, k=1,2..., (2.12)
where a,, are given by (2.10). The remainder term is given by

k+1

nk+1 ZD’”’ (2.13)

where

Dk,j = EUkyj(tA)k+j+1En+1(7'1 . T]t/n)S(t(l —T1... Tj))
with oy ; given by (2.11).

Theorem 2.6. Assume that there exists a constant K independent of n and t such
that conditions (2.6) and (2.7) are satisfied for allm = 1,2,... and t > 0. Then the

remainder term Dy, in asymptotic expansion (2.12) satisfies

C
1Dkl < :

K7 k=12,
with a positive constant Cl, dependmg only on k.

Now we provide asymptotic expansions of the semigroup S(t) via Euler’s approximations
E™(t/n). First, we denote
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m

ho =1, b = — Z djhom—j, (2.14)
where
= Cma(tA)™, (2.15)
=1
with ¢, ; are given by (2.9). Then the coefficients b, in (2.2) are given by

b = b E™(t/n), m=1,2,.... (2.16)

We note that h,, can be represented as

m
m § le tA m+1
=1

For example, we have

by =— 5 (t/n),
=~ gty + ),
by = = (o my 1 AL oy — B oy )

Theorem 2.7. Assume that the semigroup S(t) is differentiable. Then we have

b b
S =E"(t/m) + ok b A k=12, (2.17)

where by, are given by (2.16). The remainder term is given by

k
hk,'
Ap=-Y nkfj, Dy, (2.18)
j=0

where hy, are given by (2.14), D,, are given by (2.13) form =1,... k and Dy is given
by (2.3).
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Theorem 2.8. Assume that there exists a constant K independent of n and t such
that conditions (2.6) and (2.7) are satisfied for allm = 1,2,... and t > 0. Then the

remainder term Ay in asymptotic expansion (2.17) satisfies

Cs

) < ==

K23, s=1,2,...

with a positive constant Cs depending only on s.

2.4 Proofs

Proof of Theorem 2.1. From (2.3) we have

E"(t/n) = S(t) + Do, (2.19)

where

1
Do =1 [ m(APEM (e /m)S(e(1 — 7)) dry = 3 D (2.20)
0

(see also (4.2) in [5]).

It is easy to check the algebraic identity

1
E" Y (mt/n) = E*(rit/n) + —Tit AE" T (71t /n). (2.21)
n

Also, from (2.19) and (2.20) we obtain that

E™(mit/n) = S(mt) + %/7'127'2(tA)QE”H(Tngt/n)S(Tlt(l — Ty)) dTs. (2.22)

Substituting (2.21) and then (2.22) into expression of Dy; and using the semigroup
property, we get

1 1 1
Do1=—-D —(tA?S(t)+ =D 2.23
01 =L + 2( )7S(t) + Pt (2.23)

where
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Dl,l = /Tf(tA)SEnJrl(Tlt/n)S(t(l — 7'1)) d’Tl
0

and

11
Dy, = //Tsz(tA)4E”+l(TlTQt/n)S(t(l —7172)) dmy dTo.
0 0
Substituting expression (2.23) into (2.20), we obtain the asymptotic expansion

E"(t/n) = S(t) + % 4D,

where

0 = %(tA)QS(t)

and

1
Dy = E(Dl’l + D).

In order to prove Theorem 2.2, we first prove the following:

Lemma 2.1. Assume that there exists a constant K independent of n and t such that

nltA(I — tA)™| < K

and

[tAS@)]| < K

foralln=1,2,... andt > 0. Then

n’rn”(tA)nL(I _ tA)—’rL—l” S (3m)'m,K’nL (224)

and
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A" SE)|| < mmK™ (2.25)
forallm=1,2,....

Proof. To prove (2.24), write n = ms + k for some s € N and £ € {1,2,...,m}.
Regrouping the factors in (2.24) we get

n"[[(tA)™ (I = tA) | <
< (ms + k)" LA — tA) 7" IRA — £ A)TH|E

< (ms+ k)™
= gmk—1(s + 1)kHL

KT"L S (3m)7nK7’n4
Now let us prove (2.25). Using the semigroup property S(t + s) = S(¢)S(s), we obtain

[EA)™S @) < m™[|(tA/m)S(E/m)[|™ < m™K™.

Proof of Theorem 2.2. From (2.5) we have

1
D1l < @(HDIJH + | D1 2|

).

Let us first estimate || Dy It is clear that ||Dy ;| < 611 + 6012, where

01 = / |72t AP E" (1t /n)S(t(1 — 7))|| dr
1/2

and

1/2

1z = / |72 (LAP B (et /) S(t(1 — 7)) | .

Let 011 = ||(7tA)*E"(7t/n)||. Then
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1
S(t(1 —
JY P TP

1/2

By Lemma 2.1 we have g, ; < 9°K? and by (2.7) we have ||S(t(1—7))|| < K. Integrating

over the interval [1/2, 1], we get

(9171 S 93 In 2K4

Let us estimate 0 5. Write

012 = [(TtAZE" (rt/n)ll, 013 = (1 —7)tAS(t(1 — 7).
Then

1/2

1
012 = /91’291’3(1—7) dr.

0

By Lemma 2.1 we have g; 5 < 36K? and g, 3 < K. Integrating over the interval [0,1/2],
we get
010 < 36In2K°

and (note that K > 1)

[Dyall < CraK*,
where C'; is an absolute positive constant.
Now we estimate || D1 s]|. It is clear that || Dy 1| < 621 + 622, where

1 1
9271 = / ‘le)TQ(tA)4En+1(TlTQt/n)S(t(l — TITQ))H dTl dT2
0 1/2

and
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1 1/2

s — / / P57t AV B (ryrt /m) S(#(1 — 7o) drt da.
0 0
Write

021 = (M7t AP E™ (mmpt/n) |, 022 = [|(1 = )t AS(t(1 — mi72))]|.

Then

11
1
01 —//Q2,1Q2,2722<1_717_2) dry dry.

0 1/2

By Lemma 2.1 we have go1 < 93K? and 052 < K. Integrating, we get

051 < 9°(1/2+2In2)K*.

It remains to estimate 5. Let

023 = |Inmt AE" ™ (1ymat /) |, 024 = |(1 = 1172)>(LA)*S(t(1 — 772)) |-
Then

1 1/2 )
-
9222//92392471 = dTy dTo.
, CEOHL — )3
0 0 ( ! 2)

By Lemma, 2.1 we have po3 < K and ga4 < 27K3. Integrating, we get

099 < 27(7/4 —2In2)K*

and

| D12 < 01,2K47

where C' 5 is an absolute positive constant. Then
1 Ch
| Dl < E(HDMH + || D12) < EKZI-
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Proof of Theorem 2.3. From Theorem 2.1 we obtain

S(t) = E"(t/n) = ° = Dy,

(tA)2S(t) and by (2.3) we have

where a; = 3
S(t) = E"(t/n) + Do.

Substituting (2.26) into expression of a;, we obtain

(tA)?

2n

S(t) = E"(t/n) — (E"(t/n) — Do) — Dx.

Regrouping the terms in (2.27), we obtain asymptotic expansion (2.8).

Proof of Theorem 2.4. From Theorem 2.2 we have

C1
A=Y

where ¢ is an absolute positive constant.
Let us estimate [|(t4)2Dol|. It is clear that ||(tA)*Do|| < L(6; + 65), where

0, = / |\T(tA)4E"+1(Tt/n)S(t(1 — 7)) dr
1/2

and

1/2

0y = / (A E" T (7t /n)S(t(1 — 7)) || dT.
0
Write o1 = ||(7tA)*E™"!(7t/n)||. Then

0 Z/Qlwdr.

3
1/2
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By Lemma 2.1 we have p; < 12*K* and ||S(t(1—7))|| < K. Integrating over the interval
[1/2,1], we get

f < =-12*°K°.

Now we estimate 05. Let
02 = |TtAE™  (rt/n)ll, o5 =[I(1 —7)*(tA)>S(t(1 — 7).

Then

1/2

1
62:/9293(1_7_)3d7.

0
From (2.6) we have g < K and by Lemma 2.1 we have g3 < 27K3. Integrating over the
interval [0,1/2], we get

0y < 81K*/2
and (note that K > 1)

Co

I(£47Doll < 2K,

where () is an absolute positive constant. Then

[¢A?Doll _ Cr s

A < ||D
A < 11 + = <

O

Proof of Theorem 2.5. We prove the theorem using induction with respect to k. In the

case k = 0, we have

E"(t/n) = S(t) + Dy, (2.28)

where
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1
Dy = %/Tl(tA)QE"“(ﬁt/n)S(t(l —1))dn = %Do,l (2.29)
Ti
0

(see (4.2) in [5]). The case k = 1 was proved in Theorem 2.1 (see also [5]).
Assume that (2.12) holds for 0,1,...,k — 1. Let us show that (2.12) holds for k as well.

To this end we have to show that

Qg

Dy1=—
o

From (2.13) we have

k
1
Dy = H g Dk—l,j7
J=1

where

Dk—l,j = }E(J’k_l’j(—tA)k-'_jEnJrl(Tl PN Tjt/’n)S(t(l —T1... Tj)). (230)

It is easy to show that the following algebraic identity holds:

1
E" (1. ..mit/n) = EM(ry ... Tit/n) + =71 .. TtAE" T (7 Tt /n). (2.31)
n

Also, from (2.28) and (2.29) we obtain

E"(mity...1it/n) = S(mie. .. Tjt)+

1

1 (2.32)

E/Tj+1(7_17—2...Tth)QEnJrl(TlTQ...TjTj+1t/n)S(7—17—2...Tjt(l_Tj+1))d7—j+1.
0

Substituting expressions (2.31) and (2.32) into (2.30), we get

D1y =Ip1j1+ Ip—1j2 + Ti—13,

where
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1 )
Ik—l,j,l = ﬁEgk—l,jTl e Tj(tA)k+J+1En+l(Tl e Tjt/n)S(t(l —T1... Tj)),

Ii—1j2 = Eoy_y ;(tA)FS(t),

and

1 )
Ik—l.j,S = ;Eak—l,jTj-i—le N T]-z(tA)k+J+2En+1(Tl . T]+1t/n)5(t(1 —T1... Tj+1)).
Integrating Ij_1 ;o (note that Eoy_1; = ¢ ;), we get

]k—l,j,Q = Ck,j(tA)k+jS(t),

where ¢ ; is given by (2.9).

Taking the sum, we obtain that a; = Z?Zl Ii—1j2.

It is easy to check that

2 2
Ok—1,4T1---Tj + Ok—1,j—-1T1 - - - Tj—lTj = Ok,j-

From this equality it follows that
Dk,j = ’I’L([kfl,jJ + Ik*l,jfl,S) for j = 27 ey k',
Dyy=nlp_111, and Dy = nlp 13
Finally, we get

k
1 ag
D, = — o114+ 0 1:0+1_1:9)=—+D
k=1 = OF ;( k—1,,1 k—1,5,2 k—1.5,3) ok k

with a, given by (2.10) and Dy, given by (2.13).
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Proof of Theorem 2.6. From (2.13) we have

k+1
| Di|| < WZ [ Dr4l- (2.33)
j=1

Each Dy, ; is the sum of j-tuple integrals of the type

Ji = Erf i ) (AR E (it ) S(H(L — 7)),

where the sum is taken over all integer components of i = (is,13,...,4;) such that
1<i;<k—j4+2and i1 +2<i, <k+j—2n—-1)forn=2.3,...,5— 1L

To simplify the notation we introduce the indicator functions
Hl,k:]l{7221/27"'37—k21/2}7 k227
Hm,k:H{Tmél/QaTerl21/27"'77—/621/2}’ k237
form=2,...,k—1, and

]Ikyk:]l{’fkgl/2}, kZQ

Now we rewrite each J; as the sum of j > 2 integrals

Ji=dig+ -+ Jig,

where
Jign = ELuyri o2 rf (AT E (1t n)S(t(1 — 11 ... 7))
forallm=1,...,4.
Then
il < N il + -+ N igll < Oin + -+ 055,
where
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O = Eﬂm7j||rf+j752 . .T;] (tAYFIH L (L Tit/n)S(t(1 — 7 ... 1))l

form=1,...,5. Write

Oim,1 = ||(7'1 . Tth)imEn+1(Tl . Tjt/ﬂ)H

and

Oim,2 = ||(t(1 —T1... Tj)A)k+j+1_imS(t(1 —T1... T]))H

Then we have

Oim = ElL 05 m10im2|Gim (11, .-, T5)],

where
k+j—im __io—i tm—1—tm
Gim(Tt ) = T Ty e T
im\T1y -3 Tj) = —5 =5 iy i l—i
Tl T (1= ...15)ktotl=in
The function g; m(71,...,7;), m = 2,...,j, is bounded for 7,..., 7,1 € [0,1], 7, €

[0,1/2], and 741, ..., 7; € [1/2,1]. By Lemma 2.1 we have

Oim1 < (3im)i'm.Ki'nL’ Oim.2 < (k +j 41— im)k+j+1—imKk+j+1—im7

and, integrating, we get

k+j+1
Oim < Cimp; K777,
where C; 1 j is a positive constant depending only on &, j, m, and iy, ... ,1%;.

In the case m = 1, we have

k+j En+1 (

0i11 = ||(7'1...7'th) Tl...Tjt/n)”

and

0i12 = ||(1 —T1.. T])tAS(t(l —T1... T]))”
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Then

9i,1 = EHI,jQi,l,lQi,l,?‘gz’,l(Th . 77'j)|7

where
1
g2 73) = ThtiT .T;H_j_ij(l -7 .Tj).
We note that, for 7,...,7; € [1/2,1],
oN
gin(m, ..., 1) < (1*77'172)7

where N =iy +---+1i; — (k4 7)(j — 1). Integrating over 73,...,7; € [1/2,1], we have

11
) . . 1
6@1 é 2N7j+2(k' —+ j)k+]Kk+j+l / / D —— dTl d’Tz.
(1 — 7'1’7'2)
0 1/2
This integral converges, and from this it follows that
Oiq < Ci,l,k,ij+j+17
where Cj 1, is a positive constant depending only on £, j, and is,...,¢;. Taking the
sums over all m and is,...,7;, we obtain

| Dyejl| € Choy KFHH j=2,.. . k+1, (2.34)

where C}, ; is a positive constant depending only on %k and j.

It remains to prove the case where j = 1. Then

Dk,l = Ele+1(tA)k+2En+1(Tlt/n)S(t(1 — 7'1)).

Write

01 = EI{r; > 1/2}||rf T (A2 E" T (71t /n) S(t(1 — 7))

and
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0y = El{ry < 1/2}|r" ' (tA) 2B (nit/m)S(¢(1 — 7)),
where I is the indicator function. Then we have || Dy 1] < 61 + 0.

Let o171 = ||(mtA)*2E"(rit/n)|. Then

0, = EH{Tl > 1/2}@171”3@(1 — 7'1))”/7'1.

By Lemma 2.1 we have o;; < (3(k + 2))*2K**2 and ||S(t(1 — 7))|| < K. Integrating
over the interval [1/2, 1], we get

0, < C1,k,1Kk+3-
Now we estimate 0. Let go1 = [|(11t A)F T E" T (11t /n)|| and 029 = ||(1 — 71)(tA)S(¢(1 —
71))||- Then

0y = EI{my < 1/2}021022/(1 — 11).

By Lemma 2.1 we have g7 < (3(k + 1))F"'K*1 and gy5 < K. Integrating over the
interval [0,1/2], we obtain

0y < CQ,k,lKk+2~

Then (note that K > 1) we have

[ Dpall < CraK*H2. (2.35)

Substituting (2.34) and (2.35) into (2.33), we get

Ci 2k+2
[ Dyl < WK :

O

Proof of Theorem 2.7. We prove the theorem using induction with respect to k. For
k = 0 we have
S(t) = E™(t/n) + Ao, (2.36)
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where Ag = —Dg. From Theorem 2.5 and (2.15) we have

m dm
Dy = 20 = SLG(4) 4 Dy, (2.37)

nm+1 nm+1

for m =0,1,2,.... Substituting (2.36) into (2.37) we obtain

Ay dy
Dy = Sl gy nmﬁ Do + Dypir. (2.38)

nm+1

For m = 0 we have Dy = 4E"(t/n) — 4Dy + D;. Substituting this into (2.36) and

denoting h; = —d; we have
n hy o hy

Denoting A; = —@DO — D; we obtain asymptotic expansion (2.17) for k£ = 1, with
coefficient b; = hy E™(t/n) given by (2.16) and remainder term given by (2.18).

Now we assume that (2.17) and (2.18) hold for 1,...,k—1. Let us prove that (2.17) and
(2.18) hold for k as well. By our assumption

b by
S(t)=— 4o =1
where
h
Ay 1——Znij LD, (2.39)

Substituting expression (2.38) for D; into (2.39) we obtain

k—

h d d h
== 3 B+ e, 3 Bt -

j=0 7=0

b
:7]]1 + Aka
n

where b is given by (2.16) and Ay is given by (2.17). From here it follows that our
assumption is true for all k =1,2,....
O
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Proof of Theorem 2.8. From Theorem 2.5 we have

s—1 D
k
Ag=-D;— Zhsfkma
k=0
where h,, are given by (2.14). From Theorem 2.6 we have

Cs

1Dl < =2

K>t 5=1,2

g Ly ooy

where ¢, is a positive constant depending only on s. For s = 0, we have || Dy < 4K3/n
by Theorem 1.3 in [7].

It is not difficult to see that h,_j, are linear combinations of (tA)*~*1 .. (tA)*~2* with
some numerical coefficients depending only on k and s. So, in order to prove the theorem
we have to show that

Gy,

H(tA)pDkH SWKQS+37 k:Oa17"'73_17

where p = s—k+1,...,25—2k and C,, is a positive constant depending only on p and k.
The proof is similar to the proofs of Theorems 2.6 and 2.4. Inthe case k =1,...,s—1, we
obtain [|(tA)PDy|| < Sz K2+ and, in the case k = 0, we have [|(tA)P Dy < %0 2543,
We omit the proof here. O
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3 Another approach to asymptotic expansions for Eu-

ler’s approximations of semigroups

In this chapter we describe another interesting approach for obtaining error bounds
and asymptotic expansions for Euler’s approximations of semigroups. This method was
proposed by Bentkus in [6]. We also provide explicit formulas for these asymptotic
expansions. The results of this chapter are derived for the semigroups in abstract Banach

algebras (they are also valid for bounded holomorphic semigroups of operators).

3.1 Introduction

Let X be a complex Banach algebra with norm || - ||. A family S(¢), ¢ > 0 of elements of
a Banach algebra X is called a semigroup if S(¢t+s) = S(¢)S(s), for all ¢, s > 0 (see [22]).
We define the resolvent R()), A € C of the semigroup S(¢) as the Laplace transform

(o)

R(\) = /cxp{—)\t}S(t) dt.
Let

F) =RA/N)/A, - Eu(t) = f(t/n). (3.1)
The functions t — E,(t), n € N are called the Euler approximations of semigroup S(t).
Throughout we assume that the semigroup S(¢) is continuous on the open interval (0, co).
We also define

K =sup [|tS'(t)]]. (3.2)

t>0

In [6] Bentkus obtained optimal bounds for
[En(t) =S@I,  as  n— oo,

and provided asymptotic expansions for Euler’s approximations of semigroups with ex-
plicit and optimal bounds for the remainder terms. Using Laplace transforms Bentkus

reduced the problem to the convergence rates and asymptotic expansions in the Law
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of Large Numbers. Here we demonstrate how his idea was used to prove the following

proposition.

Proposition 3.1 (Bentkus 2009). If a semigroup is bounded then the Euler’s approzi-

mations E,(t) converge to the semigroup S(t), that is, |E,(t) — S#)|| — 0, as n — oo.

At first we introduce the following notations.

Let v(du) = I{u > 0}e "du be a probability measure (I(A) is the indicator function of
the event A). Let £ be a random variable with the distribution £(§) = v. Let &,...,&,

be independent copies of £&. Changing the variable, we can rewrite f in (3.1) as follows

f(t/n) :/Stu/n =ES(t&/n), (3.3)

where E stands for mathematical expectation. Writing

=n &G+ + &),

and using (3.3) together with semigroup property, we obtain

E,(t) = f"(t/n) =ES(t&/n) .. . ES(t,/n) = ES(tZ,). (3.4)
Note that E§ = 1. Write

Since Z, = 1+ U, we can rewrite (3.4) as

E,(t) = ES(tZ,) = ES(t + tU,). (3.5)

Identity (3.5) provides a basic tool for analysis of errors in Euler’s approximations of
semigroups. Here we demonstrate that the proof of Proposition 3.1 easily follows from

the Law of Large numbers.

Proof of Proposition 3.1 (Bentkus 2009). By the Law of Large numbers U, — 0, as

n — oo with probability 1 (see, for example, [34]). Since S(¢) is bounded and continuous
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for ¢t > 0, this immediately implies that the Euler’s approximations E,(t) converge to
the semigroup S(t), that is, that

IE(t) — S@)|| = [ES(t + tU,) — S(t)]| — 0, as n — oco.
]

In a similar manner Bentkus then proves that for differentiable semigroup with K < oo

4K?
- <
1Ea(t) = SO < —

for n = 2,3,.... This estimate covers and refines all known related results, which are

obtained for semigroups of operators in Banach spaces.

3.2 Asymptotic expansions

Using Laplace transforms and results from elementary probability theory Bentkus in [6]
then proves the existence of asymptotic expansions and obtains optimal error bounds for

the remainder terms. We provide explicit formulas for these expansions.

First we introduce some additional notation. Henceforth ) _, means summation

i14+Fin
over all distinct ordered n-tuples of positive integers iy, ..., %, whose elements sum to k.
Write
1 1
Ck,j = 1 i 27 (36)
Cietig=kg L2
where #1,%9,...,7; > 2and 1 < j <k.

Theorem 3.1. (Bentkus 2009) If a semigroup S is differentiable and K < oo, then the

Euler approzimations E,(t) allow the asymptotic expansion

But) = S(t)+ T+ + p 41, for n>2, (3.7)

with a remainder term r such that ||r|| < Ci(1 + K***2)n=*=1 where Cy is a positive

constant depending only on k.

The asymptotic expansion (3.7) and the bounds for the remainder terms r were obtained
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by Bentkus (Theorem 1.3 in [6]) using the Laplace transforms. In the following Lemma

we obtain explicit formulas for the coefficients a,,.

Lemma 3.1. The coefficients a,, in the asymptotic expansion (3.7) are

2m

Ay, = Z c,w«_WS'(j)(t)tj7 (3.8)

Jj=m+1

form=1,2,..., with ¢ ; given by (3.6).

Also it is easy to obtain the recurrence relations for ¢ ;. From (3.6) we get (this can be

easily checked using induction)

1 1 Ck,j—1
c —— Cmj ==
m,1 m+17 m,) ]kglm_k‘i’l
forj=2,....mand m=1,2,....
We note that the derivatives Efls)(t), s=1,2,... allow the asymptotic expansion similar

to (3.7). In order to obtain these expansions one can term-wise differentiate (3.7).

Now we provide explicit expressions for asymptotic expansions of the semigroup S(t)
in a series of powers of n~! with coefficients by depending on derivatives of E,(t) , i.e.
asymptotic expansions

by by,

S(t) = Ba(t) + 44 Lty for n>2 (3.9)

In order to establish these expansions, we have to establish expansions for the derivatives
S (t) as well, m = 1,2,... Then the coefficients in (3.9) are given by

m 2l

bo=Ea(t),  bu=—> 3 by, m=12.. (3.10)

=1 j=I+1

where ¢; ; are given by (3.6). For example, we have

43



bl = 2 E’IELQ) (t)7
t? 2t t
b= FED (W) + T ED () + SEV (1),
2 3 8
b :_ﬁE@()_QtBEJ)() 3—#E(4)(t)—ﬁE(5)() E(")()
T 2 " 3 48

Theorem 3.2. (Bentkus 2009) Assume that a semigroup S is differentiable and K < co.

Let n > 2. Then the deriatives S©) (t), s=0,1,2,..., allow the asymptotic expansion
tsb(S) tsb(s)
n n

with a remainder term r satisfying
HT” < Os,k(l _’_Ks+sk+2)n7k—1’

where Cs 1 is a positive constant depending only on s and k.

We note that when s = 0, we have asymptotic expansion (3.9) with b,, = b, We obtain

the expressions for the coefficients of the asymptotic expansion (3.11).

Lemma 3.2. The coefficients b in asymptotic expansion (3.11) are given by

min(s,j)
UL TCNN R ) SRR v R TN
=1 j=I+1
fork=1,2,... and s=0,1,2,.... In case where s = 0 we obtain coefficients b, = bf,g)

given by (3.10).

In case of differentiable strongly continuous semigroups of operators we obtain simpler
expressions for coefficients b,,. Recall that if the strongly continuous semigroup is dif-

ferentiable then its derivate

S'(t) = AS(t), (3.13)

where A is the generator of the semigroup S(¢) (see Section 1.2).
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We write
Z Cmi(AD™ . m=1,2,.... (3.14)

Lemma 3.3. If S(t) is strongly continuous semigroup satisfying condition (3.2) with
K < oo, then it allows the asymptotic expansion (3.9), where the coefficients
bo = E,(t), by, = by B (), m=1,2,... (3.15)

with hy, given by (3.14).

3.3 Proofs

Proof of Lemma 3.1. In the proof of Theorem 1.3 in [6] it was demonstrated that coef-
ficients a,, in (3.7) are linear combinations of t*5*)(¢) with some numerical coefficients
¢m,s depending only on m and s. Since coefficients c,, s do not depend on concrete semi-
group, we can determine them by taking, for example, semigroup S(t) = e, ¢t > 0. We

write

(14+t/n) " —e 't =etv,(t),

where v, (t) = e’(1+t/n)~" — 1. Using expansions exp{z} = > ;- 2*/k! and In(14z) =
S (=) ak [k we get

S A N

Raising to the jth power and changing the order of summation we obtain
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2L (—t) () SN PR
vn(t)_z(j!) Z(nk) 2 (z'1+1) (i +1) =2 20 e

, , , nk 4
k=j 21+-~-+zj=k k=1 j=1

where ¢ ; are given by (3.8). Replacing (—t)*e~* with #*S¢)(t) we obtain expression
(3.8) for ay,. O

Proof of Lemma 3.2. We prove the theorem using induction with respect to k. In case
when k& = 0 we have S(t) = by + Ay, where by = E,(t), Ag = —7ro, and t°SE)(t) =
tsbés) + A(()S), for all s=1,2,... When k = 1, from (3.7) we have

C1 1t25(2) (t)

En(t) - == — .

Substituting 25®(t) = 126" + A{” we obtain

b
S(t) = E,(t) + i + A,

where b, = —c; 1t2b<2) and A} = —r] — EYNOS Differentiating we get
1U70g n 20
" min(s,2) 91 ( )
s) : i,2—i (24s—i
b1 = 0171 ; (2 — Z)'Cst bO 5
fors=1,2,...

Assume, that (3.9) and (3.11) hold for 0,1,...,k—1and s = 1,2,.... Let us show that
(3.9) and (3.11) hold for k as well. From (3.7) we have

where
—m:nm Z Coms—mtS(t) (3.17)
s=m-+1

with ¢, s given by (3.6). From (3.9) and (3.11) we have

by by




tsb(s) tsb(s)
e ST kk:m‘FA;j—)W for s=m-+1,...,2m (3.18)
n m

t25E) (1) = t* EW(t) +

where m =1,2,...,k — 1. Substituting (3.18) into expression (3.17) we obtain

2m (s) (s)
A 1 b .
m  om Z Cmﬁimts (Ey(f)(t) - 1 Tt Ili—rﬁ) '
n n sl n n
T (3.19)
+ Cm, s—mAgﬂmv
nm ’
s=m+1

for m =1,2,..., k. Substituting (3.19) into (3.16), then collecting terms with the same
powers of n and moving terms containing the remainder terms into total remainder term
Ay we obtain expression (3.9) with by, given by (3.10). Differentiating by with respect to
t we get expression (3.12) and from here we obtain asymptotic expansion (3.11).

O

Proof of Lemma 3.3. We first note that if we take in mind the property (3.13), then
coefficients a,, in asymptotic expansion (3.7) take the form a,, = d,,S(t), where d,,, =
Z;’;l Cm,j (At)™ for m = 1,2,.... This means that to obtain the inverse expansion
(3.9) we do not need to find the asymptotic expansions of the derivatives of S(¢) and
E,(t) as in Lemma 3.2. Using induction on k like in the proof of Lemma 3.2 we then

obtain the following recurrence expressions for coefficients b, in (3.9) :

bo=Eu(t),  bp=-—3 dbnj, m=12_..

From here it is easy to obtain another form of these coefficients (this can be checked

using induction)

bmzi(—w > dy.odibo, m=12,.. ..

i1+etip=m
We see that the coefficients b,, have the form b,, = h,,by, where h,, are the linear

combinations of (At)™+1 (At)™+2 .. (At)*™ with some numerical coefficients which do
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not depend on concrete semigroup. Therefore, in order to determine them we can take,

as in the proof of Lemma 3.1, the semigroup S(¢) = e™*, ¢ > 0. Then we write

et —(1+t/n)™" = (1+t/n) "u,(t),

where u,(t) = e *(1+1¢/n)" — 1. It’s easy to see that u,(t) = v_,(—t) (v,(¢t) was defined
in the proof of Lemma 3.1). From here (3.15) follows.
O
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4 Optimal error bounds and asymptotic expansions for

Yosida approximations of semigroups

4.1 Introduction
Let X be a Banach space and L(X) be the space of bounded linear operators on X. Let
A be a generator of a strongly continuous semigroup of contractions S(t). We define the
Yosida approximant of A by

Ay =MW - A
for all A > 0.

As we noted in Section 1.3, it can be shown that Ay is the generator of a uniformly

continuous semigroup of contractions Sy (¢). Furthermore,
S(t)e = /\lim Si(t)x, for ze X. (4.1)
—00

We call Sy(t), A > 0, Yosida approximations of contraction semigroup S(¢).

In this chapter we investigate the rate of convergence in (4.1). In particular, for bounded

holomorphic semigroups of contractions, we obtain optimal error bounds for

[ISA(t)z — S(t)x]|, for € D(A), t>0 and X>0,

and

1SA(t) — S(t)]|, for z€X, t>0 and X>0.
We also provide asymptotic expansions for Yosida approximations Sy(t) of differentiable

semigroups S(t), i.e. expansions of type

ap | G Ak 1
S)\(t):S(t)+)\+/\2++/\k+O</\k>, /\—>OO,

where coefficients a,, do not depend on A\. We also obtain the inverse expansions
by b by, 1
S(t):SA(t)+X+F+”'+V+O V) A — 00,

49



here the coefficients by, are the linear combinations of the derivatives of Sy(¢). We also
provide optimal bounds for the remainder terms of these expansions in case of bounded

holomorphic semigroups of contractions.

To obtain error bounds and asymptotic expansions we use an approach introduced in

Section 1.4. Recall that using this method we express the difference b — a as

b—a= /7’(7’)6[7’, (4.2)

where v(7) is some smooth curve connecting two close objects a = v(0) and b = y(1).
We then estimate the integral in (4.2). Here we investigate how this method works with

two different choices of (1) : v1(7) and o(7) .

1st case. We choose
7(1) = S\((1 = 7)t)S(7t).

Then b = ,(0) = Sx(t), a = %1 (1) = S(t) and

(1) =(SA((L = 7)8))'S(rt) + Sa((1 = 7)1))(S(7t)) =
= — ANtSA((1 — 1)) S(rt) + AtS\((1 — T)t)S(7t) =

=t(A— A)mn(r) = —%tAA,\'yl(T).

So, we have
1 . 1
Dy = S,\(t) — S(t) = —/’}/i(T)dT =3 /tAA)\’yl(T)dT. (4.3)
0 0
2nd case. Here we choose s in this manner
A A - .
Y2(T) := Sy/r(t) =expqtA—| =1 — A = exp {tANAN —T7A)'}. (4.4)
TA\T

Then 1,(1) = Si(t) and v,(0)z = lim. o S)/-(t)x = S(t)z, for all z € X. Differentiating

we get
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1
V(1) = tAPAAT — TA) 28y /2 (1) = XtAi/TSA/T(t).

So, we obtain another integro-differential identity

1 1
1
D():S,\(t)*S(t):/ dT—E/tA)\/T S)\/T ) (45)
0 0

We note with the help of 75 we obtain better error estimates and shorter proofs than

4.2 Error bounds

Assume there exists a positive constant K independent of n, A and ¢ such that

[tAS(H)] < K, (4.6)

and

(n+ D|AN"A - A)™ Y <K, n=0,1,2,..., (4.7)
for all A >0, ¢ > 0.

We note that bounded holomorphic semigroups satisfy the first inequality (4.6) by The-
orem 2.5.2 in [33]. For n = 0, the second inequality (4.7) follows from [[A(A — A)7!|| <1
which is true if A is the generator of semigroup of contractions (see Theorem 1.3.1 in
[33]). Indeed, then AN — A) 1 =AN—-A) L+ T-T=X XA—A)"1—1,s0 AN—A)"!
is a bounded linear operator. For n = 1,2, ..., the inequality (4.7) holds for bounded
holomorphic semigroups by Theorem 2.5.5 in [33] We note that if the generator A of
semigroup S(t) is unbounded operator then K > e~! by Theorem 2.5.3 in [33].

We also prove the following lemma:

Lemma 4.1. Assume that A is a generator of contraction semigroup and there exists a
positive constant K independent of n, X and t such that conditions (4.6) and (4.7) are
satisfied for all A > 0,t >0 andn=0,1,2,.... Then Yosida approzimations satisfy

[tASND)]| < K, (4.8)
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for all A >0 and t > 0.

It’s easy to show that if (4.6) and (4.8) hold then

|(FA)TS@)] < m™K™, and ||(tA\)"SA(t)]| < mTK™, (4.9)
forallt >0, A >0and m=1,2,.... (See Lemma 2.1 in [38].)

Now we provide the optimal bounds for the convergence rate of S)(t) to a semigroup
S(t) satisfying conditions (4.6) and (4.8).

1st case. For the difference Doz = S\ (t)z—S(t)z given by (4.3) we obtain the following.

Theorem 4.1. Assume that semigroup S(t) satisfies conditions (4.6) and (4.8). Then
for all A > 0, the following inequality holds

ISy (8 — S(t)z| < w

2nd case. With the help of the identity (4.5) we obtain another type of bound (with
optimal constant) for Dy = Sy(t) — S(t). We also improve the constant in (4.10) to the

optimal.

x € D(A). (4.10)

Theorem 4.2. Assume that contraction semigroup S(t) satisfies conditions (4.6) and
(4.8). Then convergence rate in (4.1) satisfies:

AK?
155(8) = SO < — (4.11)

for allt >0 and A > 0. Besides, for all x € D(A) the following inequality holds:

[Sx(t)x = S(t)z]| <

K| Az]]
4.12
)\ ) ( )

where t > 0 and A > 0.

Remark 4.1. Both bounds (4.11) and (4.12) are optimal. Let Qx be the set of all
contraction semigroups S(t) satisfying conditions (4.6) and (4.8) for a fixed K. To prove
that the bound in (4.11) is optimal it suffices to find a semigroup S(t) € Qg such
that limy ., A|Sx(t) — S(¢)|| = 4K2/t for all t > 0. Consider the case X = C and
S(t) = e with Rez > 0. Then |S(¢)| < 1, i.e., S(¢) is a contraction semigroup. Write
Ax(t, 2) = ||Sa(t) = S(t)|| = |e XA+ — e~t2|. Take 2z = (2 +i2V/K2e? — 1)/t, where
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K > e7!. Tt is easy to check that S(t) = e~ satisfies conditions (4.6) and (4.8) with
the same constant K (here the generator A = —z7), i.e., S(t) € Q. Then it is easy to
see that LK

/\h_)n;o AN (t, 21) = 5
Note that the constants in (4.11) are also optimal.
Similarly, to prove that the bound (4.12) is optimal, take zo = x + izv/K?2e? — 1 with
x> 0 and t; = 1/z. Then S(t) = e72' € Qk and limy_ o AAx(t1,22) = |22/ K. Note
that the constants in (4.12) are optimal as well.
Remark 4.2. Taking zp = A 4+ iAvV/K?2e2 — 1 and ¢, = 1/ in the previous example, we
can show that sup,.g, ;~0 Aa(t,2) does not converge to 0, i.e. the uniform bound for

A\ (t, z) with respect to z and ¢ does not exist. Indeed, we have

sup  Ax(t,2) = Ax(to, 20) = ¢,
2€EQK >0

where c¢ is a positive constant independent of A. So,

lim sup Ax(t,2) #0.

A—00 2EQK ,t>0

4.3 Short asymptotic expansions

Using integro-differential identities (4.3) and (4.5) we obtain asymptotic expansions for a
semigroup S(t) and its Yosida approximations Sy (¢). At first we provide short asymptotic

expansions with remainders O(A?).

Theorem 4.3. Assume that the semigroup S(t) is differentiable. Then the following
integro-differential identity holds

Sit) = S() + 5 + Dy, (4.13)
where coefficient ay is given by
ay = tA*S(t), (4.14)

and the remainder term Dy satisfies
Dy = D11+ Dy, (4.15)
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with

and

Theorem 4.4. Assume that strongly continuous semigroup of contractions S(t) satisfies
conditions (4.6) and (4.8). Then the remainder term Dy satisfies

CiK(1+ K)|| A%z
A2 ’

where A >0, t > 0 and C is an absolute positive constant.

| Diz|| < r € D(A?), (4.16)

We note that the identity (4.13) and the estimate (4.16) were obtained using (4.3). Next
we provide the inverse asymptotic expansion using (4.5), but we note that it is possible

to obtain the inverse expansions from (4.13) as well.

Theorem 4.5. Assume that strongly continuous semigroup S(t) of contractions satisfies
conditions (4.6) and (4.8). Then

b
S(t) = S(t) + Xl +d,

where coefficient by is given by

by = —tA3S\(1),
and the remainder term dy satisfies

a K3(1 + K)
ez

where ¢1 is an absolute positive constant.

ldi|| < for t>0 and XA>0,

4.4 The general case

In this section we provide asymptotic expansions of any length k, i.e. the expansions

S\ =S+ 2+ 2 4.4

Tt 5 ST D (4.17)
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for k=1,2,....

First we denote

'rnk] de 1,k,i» :2737"'7 k:1727"'am_17 ]:1727

(4.18)

k.

Theorem 4.6. Let S(t) be a differentiable semigroup. Then the coefficients a,, in (4.17)

are given by

Ay, = Z dmﬁ’ktkAerkS(t),

k=1
and the remainder terms D,, are

Dm = Dm,l + Dm,Q
where

m k
1 i A kt1—j
Dm,l = Al § :E :dm,k,jtkA JFJA,\+1 jS(t)a

k=1 j=1

and

>\'m,+1 ml
with coefficients d,, . ; given by (4.18).

For example, the first three coefficients of the expansion are

99

1
/L (FAA) ™S, (1 — 7)) S(rt)dr,
0

(4.19)

(4.20)



ay =tA%S(t),

2 A4
ag =tA*S(t) + %S(t},
5 3 A8
as =tA*S(t) + 2 A°S(t) + G S(t).

Theorem 4.7. Assume that semigroup S(t) satisfies conditions (4.6) and (4.8). Then

the remainder terms Dy, in (4.17) satisfy

Om(l +Km+1)HAm+1$”

)\m+1 =12

g Ly e

[ Dz <
for X >0, x € D(A™) and some positive constant C,, depending only on m.

Next we provide the inverse asymptotic expansions. At first we obtain the integro-

differential identity

by by by,
t) = S(t D T IR 4.21
S() =S+ 5 + 35+ + 35 T (4.21)
and then we provide the optimal bounds for the remainder terms dy.
Denote
hm1 = ml, P =1, m=12 ...,
and
hm,k = (m + k- 1)hm—1,k + hm—l,k—lv m=3,4,..., k=2,...,m—1. (422)

Theorem 4.8. Let S(t) be a differentiable semigroup. Then the coefficients by, in (4.21)

are given by

v = T’YQ (1)7 (4-23)
and the remainder terms d,, are
1
dy = (—1)’”“/7—'7,;’”“)(7)617, (4.24)
m!
0
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where vo(T) is given by (4.4) and yém)(r) is its mth derivative, given by

% () =1 Zh APATEES, (1),
with coefficients by, given by (4.22).

For example, the first three coeflicients of the expansion are

by = — tA35,(t),
QAA/{

by =tA3Sx(t) + Sx(0),

3 AS

by = — tAYSy(t) — tQAiSA(t) ASA( ).

Theorem 4.9. Assume that semigroup S(t) satisfies conditions (4.6) and (4.8). Then

the remainder terms d,, in (4.21) satisfy

Cm(l + K2m+2)

dm S—7
el <

m=12,...

for X >0, t >0 and some positive constant c,, depending only on m.

4.5 Proofs

Proof of Lemma 4.1. The proof is similar to the proof of Lemma 2.1 in [7]. We have
Ay = M — A)71 = X2\ — A)~' — M. Expanding e"*M=4"" into the Taylor series

we get

‘A At (M)"Jrl
tANSA(t) = tAye = ¢ Z ANV — A)T

n=0

From (4.6) we have (n + 1)||AAN*(A\] — A)™7!|| < K, so that

_ o )\t n+1
[EANSA ()] < Ke™™ ((ni o
n=0 ’

=Kl-e™M<K

3

forall A\ >0and ¢t > 0.
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Proof of Theorem 4.1. From (4.3) we have

1

1
Dox = X/tAA,\*yl(T)xdT.
0

We denote
1/2 1
Jiz = / tAA(T)zdr  and oz = / tAA(T)zdr.
) 1/2

Then || Doz|| < 5(||iz| + || Jox]|). First we estimate || Jyz||. We have

1/2 1/2
b6
el < [ eadin(rislar < / A% g
T
0

0

where §; = ||AS(7t)z| and dy = ||(1 — 7)tA\SA((1 — 7)t)||. Since S(t) is semigroup of

contractions, we have ¢; < ||Az|| and from (4.8) we also have d; < K. We obtain

1/2

el < K)4e] | 5
0

L dr —m@K| Az,  «e DA (4.25)
-7

Next we estimate ||Joz||. We have

\|J235||</||t,4,4w1 x||d7-</5354

1/2 1/2
where 03 = ||AxS\((1 — 7)t)x| and 64 = ||7tAS(7t)|. By Theorem 1.3.1 in [33| we have
that the resolvent of semigroup of contractions satisfies [|A(AI — A)~!|| < 1 for all A > 0.
It follows that ||Ayz|| = |ANAA — A)~Lz|| = | MM — A)~LAx|| < ||Az||, for z € D(A)
and 3 < ||Az||. From condition (4.6) we have §; < K. Then

1
| Joz|] < K||Az|| / —dr =In(2)K||Az||, x € D(A), (4.26)
T

1/2

and substituting (4.25) and (4.26) into || Doz|| < §(||/1z|| + || J2z||) we obtain (4.10).
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Proof of Theorem 4.2. To obtain the error bounds we use the identity (4.5):

1
1
DoiC: )\7/ tAA/T S)\/.,- (EdT
0

From (4.9) we have ||(tA,/,)%Sy/-(t)z| < 4K?||z|| for all 7 € (0,1). Then

4K*?
1Dz || < M, forall z € X,
At
and thus
4K*?
D
Do) < 5

Also, from (4.8) we have [[tAy/;Sx/-(t)|| < K for all 7 € (0,1). From definition of Ay
we obtain ||Ay /x| < |N/7(A/7I — A)7Y| - ||Az|. By Theorem 1.3.1 in [33] we have
A — A)7H| < 1for A > 0, so that [|Ay/ x| < ||Az| for 7 € (0,1). Then

1 K| Ax
100l < 5 [ 1eoSase @ yraiar < FL22L
0

for all z € D(A). O

Lemma 4.2. Let Ay be a Yosida approximant of A. Then for any k = 1,2,... the
following identity holds:

k
X 1 s
A = AF 4 3 §_ CATALTH (4.27)

Proof. Using the definition of Ay, it’s easy to prove the identity (4.27) for k = 1.

AA
Ay—A=MAN —A)' —A= TA (4.28)
Suppose, that the identity (4.27) holds for k = m, i.e.
Ll < ,
+5 Z AT AT (4.29)
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We demonstrate that (4.27) holds for K =m + 1. We have
APFE — AT = ATHL AL L AAT — AAT = (Ay — A)AY + A(AT — A™). (4.30)

Substituting (4.28) and (4.29) into (4.30) we obtain

m—+1

1 . .
m+1 m+1 __ jAm+l—j+1
Amtt_ A fXZ/VAA AR
Jj=1
O
Proof of Theorem 4.3. From (4.3) we have S, (t) = S(t) + Dy where
. 1
Dy= 1 / FA Ay (7).
0
Integrating Dy by parts we obtain
1
1 1
Dy = XtAAAS(t) + 2 /T(tAA)\)Q’)/l(T)dT. (4.31)
0

By Lemma 4.2 we have Ay = A+ %. Substituting this identity into the first term of

the sum in (4.31) we have

tA? tA2A,
Dy ==-8(t) + =3

1
1
S(t) + V/T(tAA)\)Q’“/l (T)dT = % + Dl,
0

where a; is given by (4.14) and D; is given by (4.15).

Proof of Theorem 4.4. From Theorem 4.3 we have Dy = Dy + D12, where

tA%A,

Dy = 2

S(t),
and

1
1
DLQ = /\f/T tAA)\ ’)/1 d
0
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At first we estimate || Dy 1z||. From (4.6) we have ||[tAS(t)|| < K. From definition of Ay
we obtain ||AAyz| < [[AMAL — A)7Y| - ||A%z|| for z € D(A?). By Theorem 1.3.1 in [33]
we have |A(A — A)7!| <1 for A > 0, so that ||AAz| < ||A%z|| for z € D(A?). Then

K| A%z]

| D1zl = 2

D(A?).

To estimate || Dy x|, we write Dy o = I + I, where

1/2 1
I = / T(tAAN 1 (r)dr, and  Ip= / 7(EAAN) 3 (7)dr.
0 /2

1

Then || Dy < 55 (|[[1z]| 4 ||[I22]]). First we estimate ||I;z|. We have
1/2

||]1I|| < 5162(177
(1 — T)2
0

where 0; = [|A2S(7t)z|| and 5 = ||(1 —7)3(tA))2Sx((1 —7)t)||. Since S(¢) is a semigroup
of contractions, we have §; < ||A2%x|| and from (4.9) we have §, < 4K2. Then

1/2
L] < 4K2||A%)| / 7617 < 4ln(e/2)K¥|A2%||,  x € D(A?).

Similarly, we estimate || lpz||. We have

030,
oz < /ﬂdr

1/2

where 83 = ||A3S,\((1 — 7)) and 8y = ||(7tA)2S(7t)|. Since S(f) is a semigroup of
contractions and ||A3z| < [|A%z|| , we have §3 < ||A%z|. From (4.9) we have d; < 4K2.

So, we obtain

1
1
| Lyz|| < 4K2||A%z|| / —dr <4In(2)K?|A%z|,  z € D(A?).
T

1/2
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Finally, we obtain
CiK(1+ K)||A%z||
A2 ’

where (] is an absolute positive constant. U

x € D(A?),

[Diz|| < [|Dyqz]l + [[Draz] <

Proof of Theorem 4.5. From (4.5) we have

S(t) = SA(t) + do,

1
where dy = —Dy = — [ ~4(7)dr. Integrating by parts we obtain
0

by
dy=—+d
0= + dy,
where b; = —74(1) = —tA3S,\(¢) and
1

1
1
dy = /T%’(T)dT T2 /TSA/T(t) ((tAN2)" +2(tAN,)?) dr.
0

0
From (4.9) we have [|(tAy/-)*Sy/-(t)z| < 4*K*||z|| and [[(tAx/7)> Sy (8)z]| < 33K3||z||
for all 7 € (0,1). Then

CK3(1+ K)||z|

sz < S,

forall z € X,

and thus

CK¥(1 + K)
lldi]| < g
O

Proof of Theorem 4.6. We proved (4.19) and (4.20) for m = 1 in Theorem 4.3. Using
induction on m we obtain the general result. Suppose, that (4.19) and (4.20) hold for
m. Let us prove that (4.19) and (4.20) hold for m + 1 as well.

We have
k

1 &S i el
Dint = o D D gt ATHATTS(1),

k=1 j=1
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and

1
Do = S /—' (LAA)™ oy (7)dr,
0

By (4.27), we have AVt = Ak+1-4 1 ZkH T AT AR Qubstituting this identity

into expression of D,, ;, we obtain
_ m—+1
D = mi11 /A" + Dyaa,

where
m k

Amy11 = Z gt ATHEELS (1), (4.32)

and
k+1—j

1 m k ) o
Dm+1,1,1 = W Ztk de,k,j Z AmﬂHAl)c\ ! HQS(t)-
k=1 j=1

I=1
Changing the variable of summation from [ to ¢ = [ + j — 1 in the third sum of D,,

we obtain
1 m k k ‘ ‘
D111 = S Z t* Z dm,k,j Z Am+l+1A§_l+IS(t).
=1 j=1 i—j

Changing the order of summation we get

k %

Dpi111 = AMZ#ZZC{M AT ARG (), (4.33)

= i=1 j=1

By (4.18) we have dp,1; = Z;zl dm-1kj, form =2,3,..., k=12,...,m—1 and
i=1,2,..., k. Substituting this into (4.33) and (4.32), we get

1 m k
MLl = TS Z Z A1 gt ATTHLASTLS (1),

k=1 i=1

D

and

m
41,1 = Z dm_;,_l’k’ktkAerkleS(t).
k=1
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Integrating D,, 2 by parts we obtain

1

1 T"
Dz = Dmay + D1z = g / W(tAAA)mH’Yl(T)dTa
0

where 1 (A4
Dm2 1= 7% t y
- At (m o+ 1))
and
1
Dt = — T AA) ™ (r)d 4.34
m+1,2 = )\m+2 (m+ 1)[( /\) 71(7—) T. ( . )
0
Substituting the expression for ATH from (4.27) we get Dpo1 = Ami12/ A" + Diny110
Where tm+1A2m+2
m = S(t 5 4.35
Amn+41,2 (m+ 1)| ( ) ( )
and .
1 m tm+1Am+i+1Am7i+2
Dy, = A S(t). 4.36
+1,1,2 )\m+2 pa (m + 1)' ( ) ( )
By (4.18) we have dppi1m+14 = m, form=1,2,... and i =1,2,...,m. Substituting

this into (4.36) and (4.35), we obtain

1 m+1
Z dm+1’m+1’itm+1Anl+z+lAT71+25(15)

=1

D110 = ]

and

_ m+1 42m—+2
Um+1,2 = iyt miimyrt” " A S(t),

It’s easy to see that

Dpti1 = Dpti11 + D112,

which coincides with (4.20) for k = m + 1. D,,412 is given by (4.34) and

aTIL+1 - a'rn+1,1 + a'rn+1,2~
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Proof of Theorem 4.7. From (4.6) and (4.8) it easily follows that

[Dil| < Cona (1 + K™) A af| /A,

where (), 1 is some positive constant depending only on m. The bound

||Dm72$|| S Cm72Km+1HAm+1x||/)\m+1

can be obtained in the similar manner as the bound for ||D; 52| in the proof of Theorem
4.4.
O

Proof of Theorem 4.8. We proved (4.23) and (4.24) for m = 1 in Theorem 4.5. Using
induction on m we obtain the general result. Suppose, that (4.23) and (4.24) hold for
m. Let us prove that (4.23) and (4.24) hold for m + 1 as well.

We have

where

- 1 m "
%" (7) = 3 2 st AT (),

with coefficients h,, given by (4.22).
Then it is easy to show that the (m + 1)th derivative of vo(7) is

m—+1
m+1 1 m
A = g 2 st AR (),

Integrating d,, by parts we obtain

(=1)m*t (m+1) (4 5 / N
dy = y+ d
(m_"_l)'ﬂ)ﬁ ( m+1 (T) T?

0

ie.,
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bm+1
dy, = W + dm+1~

Proof of Theorem 4.9. From (4.24) we have

(=)™t [m w k41
A = (tA)m+ / m! Z i1, (EAxs) Sy (t)dr.

Then

m—+1
m

1
1 m
lnll < Gyt / D Pkl (£ S  (8)
0 k=1

From (4.9) we have ||(tAy ;)™ 1S\ /- (8)|| < (m + k + 1)™ LK™+ and from here

Cr(1 + K242)

d?)’L S—’
Il <

m=12...,

easily follows.
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5 Conclusions

In our work, we investigate the convergence of Euler’'s and Yosida approximations of

semigroups.

1. We provide asymptotic expansions for Euler’s approximations of differentiable
strongly continuous semigroups. We also provide the inverse asymptotic expan-

sions, i.e. the expansions of the semigroup via it’s Euler’s approximations.

2. We obtain optimal bounds for the remainder terms of both expansions in case of

bounded holomorphic semigroups.

3. Using alternative approach introduced by Bentkus in [6] we obtain explicit formulas
for asymptotic expansions for Euler’s approximations of semigroups in Banach

algebras.

4. We obtain two optimal error bounds (with optimal constants) for Yosida approxi-

mations of bounded holomorphic semigroups of contractions.

5. We provide asymptotic expansions for Yosida approximations of differentiable stron-
gly continuous semigroups and provide optimal bounds for the remainder terms of

these expansions. We provide the inverse expansions as well.
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