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Abstract

The research area of current PhD thesis is the analysis of time periodic Navier–
Stokes equations in domains with cylindrical outlets to infinity (system of pipes).
The objects of investigation is so called non-stationary Poiseuille solution in the
straight cylinder and Navier-Stokes equations in domains with cylindrical outlets
to infinity. First of all, in this thesis is proved the existence and uniqueness of
the non-stationary Poiseuille solution in Hölder spaces. Then the existence and
uniqueness of the time periodic Stokes problem obtained in weighted Sobolev
spaces. Finally, the existence of time periodic solutions to Navier-Stokes problem
in weighted Sobolev spaces is proved. The weight-function describes asymptot-
ical behavior of solutions, then|x| → ∞. The obtained results are theoretical.
However, they could be used to solve practical problems of fluid dynamics.
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Rezium ė

Disertacijoje nagriṅejami Navj̇e-Stokso lyǧcių periodiniai laiko atžvilgiu už-
daviniai srityse su cilindriniais iṧejimais į begalybę. Pagrindiniai tyrimo objek-
tai yra taip vadinami Puazelio sprendiniai tiesiame cilindre ir Stokso, bei Navjė-
Stokso lyǧcių sistemos cilindrų sistemoje. Pirmiausia darbeįrodomas Puaze-
lio sprendinio egzistavimas ir vienatis Hiolderio erdvėse. Tadaįrodomas peri-
odinis Stokso uždavinio sprendinio egzistavimas svorinėse Sobolevo erdvėse. Ir
galiausiai,įrodytas periodinio sprendinio Navjė-Stokso uždaviniui egzistavimas
svoriṅese Sobolevo erdvėse. Svoriṅe funkcija apib̄udina sprendinių nykimo greitį,
kai |x| → ∞. Gauti rezultatai yra teoriniai, tačiau gali b̄uti pritaikyti skyšcių
dinamikos praktiniams uždaviniamsspręsti.

iii
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Introduction

Topicality of the problem

The research area of this work is the analysis of time periodic Navier–Stokes
equations in domains with cylindrical outlets to infinity. In this thesis the exis-
tence and uniqueness of the non-stationary Poiseuille solution to the Navier–Stokes
equations is proved. Time periodic problems for Stokes and Navier–Stokes equa-
tions are studied in domains with cylindrical outlets to infinity. The existence of
the solutions to these problems is proved in weighted function spaces.

Actuality

Mathematical models of fluid dynamics are systems of linear and nonlinear
partial differential equations, known as Navier–Stokes equations. The rigorous
mathematical analysis of Navier-Stokes equations started at the beginning of the
XX century from works of the famous French mathematician J. Leray. This analy-
sis consists of studies concerning the correct formulations of initial boundary value
problems for Navier-Stokes equations, proofs of the existence and uniqueness of
solutions in different functional spaces, investigation of solutions regularity, con-
struction of asymptotics, etc. Such questions have been studied in many papers
and monographs [16], [27], [85].

1
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2 INTRODUCTION

The existence theory developed in literature mainly deals with the flows of vis-
cous incompressible fluids in domains with compact boundaries (i. e. in bounded
and exterior domains). Although some of these results do not depend on the shape
of the boundary, many problems of scientific and practical interest (e. g. wa-
ter or petroleum flow in pipes system or blood flow in veins) related to flows of
viscous incompressible fluid in domains with noncompact boundaries were un-
solved. Therefore, it is not surprising that during the last 30 years the special
attention was given to problems in unbounded domains. However, during this time
only stationary problems were exhaustively investigated, while not much is known
about the non-stationary ones. Even the existence of a non-stationary analog of
the Poiseuille flow in a straight cylinder was not proved (the stationary Poiseuille
solution was constructed as far back as in XIX century). In this thesis we prove the
existence of the non-stationary Poiseuille solution in a straight cylinder and study
the time–periodic solutions of Stokes and Navier–Stokes equations in a domains
with cylindrical outlets to infinity (i. e. in a system of pipes).

Aims and problems

The main aim of the dissertation is the analysis of the time periodic Navier-
Stokes equations in domains with cylindrical outlets to infinity. To achieve this
goal, we have to solve following problems:

1. To investigate the existence and uniqueness questions for the Poiseuille
flow of an incompressible viscous fluid in an infinite cylinder.

2. To investigate the existence and uniqueness questions of a time periodic
Stokes problem with cylindrical outlets to infinity.

3. To investigate the existence questions of a time periodic Navier-Stokes
problem for two and three dimensional domains with cylindrical outlets to infinity.

Novelty

All results obtained in the dissertation are new. The existence of the non-
stationary Poiseuille solution in Hölder spaces was not know before. The time
periodic solutions to Stokes and Navier–Stokes equations in domains with cylin-
drical outlets to infinity are investigated for the first time.
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Defended propositions 3

Defended propositions

1. The existence and uniqueness of solutions for the Poiseuille flow of a in-
compressible viscous fluid in an infinite cylinder is proved.

2. The existence and uniqueness of solutions for time periodic Stokes problem
with cylindrical outlets to infinity is proved.

3. The existence of solutions for time periodic Navier-Stokes problem in do-
mains with cylindrical outlets to infinity is proved.

History of the problem

The solvability of boundary and initial boundary value problems for Navier-
Stokes equations is one of the most important questions in mathematical hydro-
dynamics. It has been studied in many papers and monographs (e. g. [16], [27],
[85]). The existence theory developed there deals mainly with flows of viscous
fluids in domains with compact boundaries (i. e., bounded and and exterior do-
mains). Although some of these results do not depend on the shape of the bound-
ary, many problems of scientific and practical interest related to flows of viscous
incompressible fluid in domains with noncompact boundaries have remained un-
solved. Therefore, it is not surprising that during the last 30 years special attention
has been given to problems in such domains. J. Heywood has drawn attention to
the question of correct formulation of boundary value problems for Navier-Stokes
equations in domains with noncompact boundaries. In 1976 he demonstrated [20]
that in domains with noncompact boundaries the motion of a viscous fluid is not
always uniquely determined by the applied external forces and usual initial and
boundary conditions. Moreover, certain physically important quantities (such as
fluxes of the velocity field or limiting values of the pressure at infinity) have to be
prescribed additionally.

After the publication of J. Heywood’s paper the theory of Navier-Stokes equa-
tions in domains with noncompact boundaries received a great impulse in a row
of papers. Such problems were investigated in a wide class of domains having
“outlets” to infinity. First, it was proved in [24], [29], [30], [76], [82] that looking
for solutions with a finite Dirichlet integral it is necessary to prescribe additional
conditions (fluxes over the sections of outlets to infinity or pressure drops) in all
“wide” outlets which grow at infinity “sufficiently rapidly”. The weak solvability
of the steady Navier-Stokes problem was proved in the above mentioned papers for
arbitrary data. For the three-dimensional time-dependent Navier-Stokes problem
unique solvability is obtained only for small data.
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4 INTRODUCTION

The next step in the evolution of the mathematical theory of viscous incom-
pressible fluids in domains with outlets to infinity was to consider natural physical
problems with prescribed fluxes in “narrow” outlets to infinity also (for example
in pipes). However, since any divergence-free vector-field with a finite Dirichlet
integral necessarily has zero fluxes over the sections of “narrow” outlets to infinity,
the usual energy estimate method becomes insufficient in this case. The Navier-
Stokes problem with additionally prescribed fluxes in “narrow” outlets to infinity
has to be studied in a class of functions having infinite Dirichlet integrals. The
basic results concerning such problems were obtained by O. A. Ladyzhenskaya
and V. A. Solonnikov [28]. In this paper a special technique of integral estimates
(the so called “techniques of Saint-Venant’s principle”) is developed and the exis-
tence of solutions having an infinite Dirichlet integral was proved. This result is
obtained without any restrictions on data, assuming as the only necessary compat-
ibility condition that the total flux is equal to zero. In particular, the solvability
of the steady Navier-Stokes problem is proved for arbitrary data in domains with
cylindrical outlets to infinity and it is shown that for sufficiently small fluxes this
solution is unique and tends exponentially (as|x| → ∞) in each cylinder to the
corresponding Poiseuille flow. Notice that for domains with two cylindrical out-
lets to infinity the steady Navier-Stokes problem with prescribed fluxF has also
been studied by C. J. Amick [3] where a solution approaching the Poiseuille flow
as|x| → ∞ is constructed for small|F |. In [49], similar results were obtained in
domains with “layer-like” outlets to infinity.

The time-dependent Navier-Stokes system in domains with outlets to infinity
is much less studied. In [31], [77], [80], [81] the existence of solutions with pre-
scribed fluxes is proved. These solutions have a finite or infinite energy integral,
dependent on the geometry of the outlets to infinity. In particular, if the outlets
are cylindrical and the energy integral is infinite, then the time-dependent Navier-
Stokes problem is proved in [31], [77], [80], [81] either for small data or for small
time intervals.

In [77], [80], [81], V. A. Solonnikov studied both steady and time-dependent
Navier-Stokes problems in a very general class of domains with outlets to infinity.
He developed an axiomatic approach for such problems without making assump-
tions abaut the shape of the outlets and imposing only certain general restrictions.
The function spaces used there are also very general. Many papers were devoted
to the investigation of related questions, such as regularity, asymptotic behavior
and uniqueness of solutions to the steady Stokes and Navier-Stokes problems in
noncompact domains. It is evident that the behavior of solutions to the Navier-
Stokes problem as|x| → ∞ strongly depends on the geometry of outlets to infin-
ity. Therefore, studying the properties of solutions to the Navier-Stokes problem
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Approbation 5

in such domains it is convenient to study the problem in weighted function spaces
which reflect the decay properties of solutions as|x| → ∞. We mention pa-
pers [37], [54]–[56], where steady Stokes and Navier-Stokes problems are studied
in weighted function spaces assuming the “parabolic-like” structure of the out-
lets to infinity. Likewise in papers [39], [40], [42], [58], [72] where asymptotics
properties of solutions to steady Stokes and Navier-Stokes problems are studied
in domains with outlets to infinity coinciding for large|x| with an infinite layer.
In papers [9]–[11], [17], [35], [43], [73], [12]–[15], analogous questions were
studied for the aperture domain and the domain having sector-like outlets to infin-
ity. Finally, we mention papers [1], [23], [36], [38], [50]–[52], [68], [69], [79],
where certain existence theorems for regular solutions are proved in domains with
strip-like outlets to infinity and in domains with outlets having periodically vary-
ing sections. For two-dimensional domains with outlets to infinity, more general
results concerning the pointwise decay and asymptotic properties of the solutions
are obtained in [4]–[5].

Navier-Stokes problems in cylindrical outlets to infinity with the usual initial
condition were studied in [66]. However, the time periodic problems of these
equations, which are very important to practical applications, have not yet been
studied in domains with cylindrical outlets to infinity.

Approbation

The results of the dissertation were published in the followings periodical sci-
entific papers:

•KEBLIKAS, V.; PILECKAS, K. On the existence of non-stationary Poiseuille
solution,Siberian Math. J., 2005, 46(3), p. 514–526.

• KEBLIKAS, V. On the time-periodic problem for the Stokes system in do-
mains with cylindrical outlets to infinity,Lithuanian Math. J., 2007, 47(2), p.
147–163.

The results of the dissertation were presented at:

• 9th International conference on mathematical modelling and analysis, Latvia,
Jurmala, 2004.

• 10th International conference on mathematical modelling and analysis,
Lithuania, Trakai, 2005.

Contributing talks were given at the seminars at Institute of Mathematics and
Informatics and Vilnius Gediminas Technical University.
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6 INTRODUCTION

Structure of the dissertation

The dissertation consist of an introduction, five chapters, conclusions and the
bibliography.

• In the first chapter, the necessary function spaces are defined and certain known
auxiliary results are formulated.

• In the second chapter, we study a non-stationary Poiseuille solution. Poiseuille
flow is an exact solution of the steady Navier-Stokes system in an infinite straight
pipe of constant cross-sectionσ and has the prescribed fluxF overσ. Moreover,
it is natural to study time dependent analog of Leray’s problem. However, in this
case there already appears to be a problem with the definition of time dependent
Poiseuille flow. In prescribing the fluxF (t), we have to solve forU(x′, t) andq(t)
more complicated nonstandard inverse parabolic problem. The theory of inverse
problems for the parabolic equations was studied by many authors [44]–[46]. Nev-
ertheless, we failed to find in the literature any result concerning the solvability of
our problem. The analogical inverse periodic Poiseuille flow problem was solved
in [8], [19].

• In the third chapter, we study the time periodic problem for the Stokes system in
domains with cylindrical outlets to infinity.

• In the forth chapter, we study the two dimensional time periodic Navier–Stokes
problem. Here, it was proved that at least one solution in weighted Sobolev spaces
exists. However, it’s existence was proved only if some of the data is small enough.
The analogical problem with the usual initial conditions was proved without any
small data in [64], [66]. Time periodic Navier-Stokes problems previously was
studied in many papers (e. g. [21], [26], [74], [84], [86]). But we could not find
there any method for solving our problem without smallness of the data.

• In the fifth chapter, we study the three-dimensional time periodic Navier-Stokes
problem. The solvability in weighted Sobolev norms was obtained, of course, for
all small data (including external force).
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Function spaces and auxiliary

results

In this chapter we introduce function spaces which are used in the thesis
and formulate certain embedding theorems and multiplicative inequalities that are
important for further considerations. In particular, we define weighted function
spaces in domains with cylindrical outlets to infinity, where the weight-function
regulates the behavior of elements of these spaces as|x| → ∞.

1.1 Function spaces and main notations

By c, cj , j = 1, 2, ..., etc., we denote different constants whose possible de-
pendence of parametersa1, ..., an will be specified whenever it is necessary. In
such a case, we shall writec = c(a1, ..., an).

Let V be a Banach space. The norm of an elementu in the function spaceV is
denoted by‖u; V ‖. Vector-valued functions are denoted by bold letters, however
the spaces of scalar and vector-valued functions are not distinguished in notations.
The vector-valued functionu = (u1, ..., un) belongs to the spaceV , if ui ∈ V, i =

1, ..., n, and‖u; V ‖ =
n∑

i=1
‖ui; V ‖.

Let G be an arbitrary domain inRn, n > 1, with the boundary∂G. We shall
use the following notations:

7
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8 1. FUNCTION SPACES AND AUXILIARY RESULTS

• C∞(G) is the set of all infinitely many times differentiable inG functions;

• C∞
0 (G) is the subset of functions fromC∞(G) with compact supports inG;

• W l
q(G), l ≥ 0, q ∈ [1,∞), is the Sobolev space of functions with the finite

norm:
‖u; W l

q(G)‖ =
∑

|α|≤l

‖Dαu; Lq(G)‖,

whereDα
x =

∂|α|

∂α1x1∂α2x2∂α3x3
, |α| = α1 + α2 + α3.

• W̊ l
q(G) is the closure ofC∞

0 (G) in the norm‖· ; W l
q(G)‖.

• Lq(G) = W 0
q (G).

• L∞(G) is a space of all real Lebesgue measurable functions defined inG with
the finite norm:

‖u; L∞(G)‖ = ess sup
x∈G

|u(x)| < ∞.

• C l(G) (l is an integer) is a Banach space of functionsu(x) for which Dαu(x)
is bounded and uniformly continuous inG for all 0 ≤ |α| ≤ l. The norm inC l(G)
is defined by the formula:

‖u; C l(G)‖ =
l∑

|α|=0

sup
x∈G

|Dαu(x)|.

• C l+δ(G) (δ ∈ (0, 1)) is the subspace ofC l(G) consisting of functions whose
derivatives up to the orderl are Hölder continuous inG. C l+δ(G) is a Banach
space with the finite norm:

‖u;C l+δ(G)‖ = ‖u;C l(G)‖+
∑

|α|=l

sup
x,y∈G

|Dαu(x)−Dαu(y)|
|x− y|δ .

Consider now functions dependent on the space variablex ∈ G and the time
t ∈ (0, T ).

• W 2l,l
2 (G × (0, T )), l ≥ 0 is an integer, is a Hilbert space of functions that have

generalized derivativesDr
t D

α
x with everyr andα such that2r + |α| ≤ 2l. The
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1.1. Function spaces and main notations 9

norm inW 2l,l
2 (G× (0, T )) is defined by the formula:

‖u; W 2l,l
2 (G× (0, T ))‖ =

(
2l∑

j=0

∑

2r+|α|

T∫

0

∫

G

|Dr
t D

α
xu(x, t)|2dxdt

)1/2

.

• W 1,1
2 (G × (0, T )) andW 1,0

2 (G × (0, T )) are spaces of functions with finite
norms:

‖u;W 1,1
2 (G× (0, T ))‖ =

( T∫

0

∫

G

(|ut(x, t)|2 + |u(x, t)|2 + |∇u(x, t)|2)dxdt

)1/2

and

‖u; W 1,0
2 (G× (0, T ))‖ =

( T∫

0

∫

G

(|u(x, t)|2 + |∇u(x, t)|2)dxdt

)1/2

.

• W̊ 1,1
2 (G×(0, T )) andW̊ 1,0

2 (G×(0, T )) are subspaces ofW 1,1
2 (G×(0, T )) and

W 1,0
2 (G× (0, T )) consisting of functions satisfying the conditionu(x, t)|∂G = 0.

• C2l+2δ,l+δ(G× [0, T ]), l ≥ 0 is an integer,δ ∈ (0, 1/2), is the Hölder space of
continuous functions having inG× [0, T ] continuous derivativesDα

x with respect
to x up to order2l and continuous derivativesDr

t with respect tot up to the order
l. The norm inC2l+2δ,l+δ(G× [0, T ]) is defined by

‖u; C2l+2δ,l+δ(G× (0, T ))‖ =
2l∑

|α|=0

sup
x∈G,t∈[0,T ]

|Dα
xu(x, t)|

+
l∑

|r|=0

sup
x∈G,t∈[0,T ]

|Dr
t u(x, t)|+

∑

|α|=2l

sup
(x,y)∈G,t∈[0,T ]

|Dα
xu(x, t)−Dα

y u(y, t)|
|x− y|2δ

+
∑

r=l

sup
x∈G,(t,s)∈[0,T ]

|Dr
t u(x, t)−Dr

su(x, s)|
|t− s|δ .
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10 1. FUNCTION SPACES AND AUXILIARY RESULTS

Let Ω ⊂ Rn, (n = 2, 3) be a domain withJ cylindrical outlets to infinity:

Ω = Ω(0)

⋃ ( J⋃

j=1

Ωj

)
,

i. e., outside the sphere|x| = r0 the domainΩ splits intoJ disjoint components
Ωj (outlets to infinity) which in some coordinate systemsx(j) are given by the
relations

Ωj = {x(j) ∈ Rn : x(j)′ ∈ σj , x(j)
n > 0}, j = 1, ..., J, (1.1)

wherex(j)′ = (x(j)
1 , x

(j)
2 ) for n = 3, x

(j)′
1 = x

(j)
1 for n = 2 andσj ⊂ Rn−1

is a bounded domain, i. e. forx(j)
n > 0 outlets to infinity coincide with infinite

pipesΠj = {x(j) ∈ R : x(j)′ ∈ σj , −∞ < x
(j)
n < ∞} (if n = 2, the outletsΩj

coincide with infinite strips and cross-sectionsσj = (0, hj) are bounded intervals).
We introduce the following notations:

Ωjk = {x ∈ Ωj : x(j)
n < k}, ωjk = Ωjk+1 \ Ωjk, j = 1, ..., J,

ω̂jk = ωjk−1 ∪ ωjk ∪ ωjk+1, j = 1, ..., J, (1.2)

Ω(k) = Ω(0) ∪
( J⋃

j=1

Ωjk

)
, Ω(0) = Ω \

( J⋃

j=1

Ωj

)
,

wherek ≥ 0 is an integer.
Denoteβ = (β1, ..., βJ) and letEβj (x) = Eβj (x

(j)
n ) be smooth monotone

weight-functions inΩj such that

Eβj
(x) > 0, a1 ≤ E−βj

(x)Eβj
(x) ≤ a2 ∀x ∈ Ωj , Eβj

(0) = 1, (1.31)

b1Eβj (k) ≤ Eβj (x) ≤ b2Eβj (k), ∀x ∈ ωjk, (1.32)

|∇Eβj (x)| ≤ b3γ∗Eβj (x), ∀x ∈ Ωj , (1.33)

lim
x
(j)
n →∞

Eβj
(x) = ∞, if β > 0, (1.34)

where the constantsa1, a2, b1, b2, b3 are independent ofk andb3 is independent of
βj . Simple examples of such weight-functions are

Eβj (x) = (1 + δ|x(j)
n |2)βj and Eβj (x) = exp(2βjx

(j)
n ).

Note that the inequality(1.33) holds for the first weight-function withγ∗ = |βj |δ,



d

d

“thesis” — 2008/6/13 — 22:48 — page 11 — #20 d

d

d

d

d

d

1.1. Function spaces and main notations 11

and for the second one withγ∗ = |βj |. Below, in proofs of solvability for Navier-
Stokes system, we needγ∗ to be “sufficiently small”. For the exponential weight-
functionEβj (x) = exp(2βjx

(j)
n ) this is the case, if we assume that|βj | is suffi-

ciently small. In the case of the power weight-functionEβj (x) = (1 + δ|x(j)
n |2)βj

this assumption could be satisfied taking sufficiently smallδ and there are no re-
strictions onβj .

Set

Eβ(x) =





1, x ∈ Ω(0),

Eβj (x
(j)
n ), x ∈ Ωj , j = 1, ..., J.

(1.4)

Let us introduce weighted function spaces:

• C∞
0 (Ω) is the set of all functions fromC∞(Ω) that are equal to zero for large

|x| (not necessary on∂Ω).

• W l
2,β(Ω), l ≥ 0, is the space of functions obtained as the closure ofC∞

0 (Ω) in
the norm:

‖u;W l
2,β(Ω)‖ =

(
l∑

|α|=0

∫

Ω

Eβ(x)|Dαu(x)|2dx

)1/2

.

• W0
2,β(Ω) = L2,β(Ω).

• W2l,l
2,β(Ω×(0, T )) (l ≥ 0 is an integer),W1,1

2,β(Ω×(0, T )) andW1,0
2,β(Ω×(0, T ))

are the spaces of functions obtained as closures of the set of all infinitely many
times differentiable with respect tox and t functions, that are equal to zero for
large|x|, in the norms

‖u;W2l,l
2,β(Ω× (0, T ))‖ =

(
2l∑

j=0

∑

2r+|α|=j

T∫

0

∫

Ω

Eβ(x)|Dr
t D

α
xu(x, t)|2dxdt

)1/2

,

‖u;W1,1
2,β(Ω×(0, T ))‖ =

( T∫

0

∫

Ω

Eβ(x)(|ut(x, t)|2+|u(x, t)|2+|∇u(x, t)|2)dxdt

)1/2
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12 1. FUNCTION SPACES AND AUXILIARY RESULTS

and

‖u;W1,0
2,β(ΩT )‖ =

( T∫

0

∫

Ω

Eβ(x)(|u(x, t)|2 + |∇u(x, t)|2)dxdt

)1/2

,

respectively.

Note that, ifβj > 0, the weight-indicesβj shows a decay rate of elements
u ∈ W l

2,β(Ω) and their derivatives as|x| → ∞, x ∈ Ωj .

We will need also a “step” weight-function

E
(k)
β (x) =





1, x ∈ Ω(0),

Eβj (x
(j)
n ), x ∈ Ωjk, j = 1, ..., J,

Eβj (k), x ∈ Ω\Ωjk, j = 1, ..., J.

(1.5)

It is easy to see thatE(k)
β (x) = Eβ(x) for x ∈ Ω(k),

|∇E
(k)
β (x)| ≤ b3γ∗E

(k)
β (x), (1.6)

and, ifβj ≥ 0, then

E
(k)
βj

(x) ≤ Eβj (x), ∀x ∈ Ω.

Moreover, by definition

∂

∂x
(j)
l

E
(k)
β (x) =





0, l = 1, ..., n, x ∈ Ω(0),

0, l = 1, ..., n, x ∈ Ω\Ωk,

0, l = 1, ..., n− 1, x ∈ Ωjk, j = 1, ..., J,

∂

∂x
(j)
l

Eβ(x), l = n, x ∈ Ωjk, j = 1, ..., J.
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1.2. Auxiliary results 13

Thus,

∇E
(k)
β (x) ⊂

J⋃

j=1

Ωjk. (1.7)

Remark. The general weight functionsEβ(x) and the corresponding weighted
spaces first were introduced by K. Pileckas in [65]–[67].

1.2 Auxiliary results

In this section we collect known results which will be used below.

Lemma 1.1. If u ∈ W 2l,l
2 (G× (0, T )) thenDr

t D
α
xu(x, t) with 2r + |α| < 2l − 1

belongs to the spaceW 2l−2r−|α|−1
2 (G) and there holds the inequality

‖Dr
t D

α
xu(·, t);W 2l−2r−|α|−1

2 (G)‖ ≤ c‖u; W 2l,l
2 (G× (0, T ))‖, (1.8)

where the constantc is independent oft ∈ [0, T ].

Lemma 1.2. Let G ⊂ R2 be a bounded domain. For anyu ∈ W 1
2 (G) holds the

multiplicative inequality

‖u; L4(G)‖ ≤ c‖u; W 1
2 (G)‖1/2‖u;L2(G)‖1/2. (1.9)

Lemma 1.3. Let G ⊂ R3 be a bounded domain. For anyu ∈ W 1
2 (G) holds the

multiplicative inequality

‖u; L3(G)‖ ≤ c‖u; W 1
2 (G)‖1/2‖u;L2(G)‖1/2. (1.10)

If u ∈ W 2
2 (G), then the following multiplicative inequality

‖u; L∞(G)‖ ≤ c‖∇u; L6(G)‖1/2‖u; L6(G)‖1/2

≤ c‖∇u; W 1
2 (G)‖1/2‖u; W 1

2 (G)‖1/2 (1.11)

is valid. The constants in (1.10), (1.11) depend only onG.
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14 1. FUNCTION SPACES AND AUXILIARY RESULTS

Lemma 1.4. Let G ⊂ R2 be a bounded domain,T < ∞. Then the embedding
operatorI : W 1

2 (G× (0, T )) ↪→ L4(G× (0, T )) is compact.

Proofs of Lemmas 2.1–2.4 could be found in [2] and [27] books.

Lemma 1.5. Let G ⊂ R2 be a bounded domain,T < ∞ and let{un(x, t)} be a
weakly convergent in the spaceW 2,1

2 (G× (0, T )) sequence of functions. Then

T∫

0

‖∇un(·, t)−∇um(·, t);L4(G)‖2dt → 0, as n,m → 0.

Let Ω be a domain with cylindrical outlets to infinity (see section 1).

Lemma 1.6. For any functionu ∈ W1
2,β(Ω) which is equal to zero on∂Ω holds

the following weighted Poincaré inequality
∫

Ω

Eβ(x)|u(x)|2dx ≤ c

∫

Ω

Eβ(x)|∇u(x)|2dx. (1.12)

Note, that if we take in (1.12)β = 0, we get usual Poincaré inequality
∫

Ω

|u(x)|2dx ≤ c0

∫

Ω

|∇u(x)|2dx.

Lemma 1.7.Letu(·, t) ∈ W̊ 1
2 (Ω), ut(·, t) ∈ L2(Ω), divu(x, t) = 0, ∀t ∈ [0, T ],

∫

σj

u(x, t) · n(x)ds = 0, j = 1, ..., J.

Then there exists a vector-fieldW(k)(·, t) ∈ W̊ 1
2 (Ω) with W(k)

t (·, t) ∈ W̊ 1
2 (Ω)

such thatsuppxW
(k)(x, t) ⊂

J⋃
j=1

Ωjk and

divW(k)(x, t) = −div(E(k)
β (x)u(x, t)).
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1.2. Auxiliary results 15

There holds the estimates
∫

Ω

E
(k)
−β(x)|∇W(k)(x, t)|2dx ≤ cγ2

∗

∫

Ω

E
(k)
β (x)|u(x, t)|2dx

≤ cγ2
∗

∫

Ω

E
(k)
β (x)|∇u(k)(x, t)|2dx, (1.13)

∫

Ω

E
(k)
−β(x)|∇W(k)

t (x, t)|2dx ≤ cγ∗
∫

Ω

E
(k)
β (x)|u(k)

t (x, t)|2dx. (1.14)

Moreover, ifu(x, t) is time periodic with a periodT , i. e.u(x, 0) = u(x, T ), then
alsoW(k)(x, t) is time periodic with the same period. The constants in(1.13) and
(1.14) are independent of k andt ∈ [0, T ].

Let G be a bounded domain inRn, n = 2, 3. Consider inG the following
problem: 




divW(x, t) = g(x, t),

W(x, t)|∂G = 0
(1.15)

assuming that ∫

G

g(x, t)dx = 0, ∀t ∈ [0, T ]. (1.16)

Lemma 1.8. Let G ⊂ Rn be a bounded domain with the Lipschitz boundary
∂G. If g(·, t) ∈ W̊ 1

2 (G), gt(·, t) ∈ L2(G) and (1.16) holds∀t ∈ [0, T ], then
problem (1.15) admits at least one solutionW(·, t) ∈ W̊ 2

2 (G) with Wt(·, t) ∈
W̊ 1

2 (G).There holds the estimates

‖W(·, t);W 2
2 (G)‖ ≤ ‖g(·, t);W 1

2 (G)‖, (1.17)

‖∇Wt(·, t);L2(G)‖ ≤ c‖gt(·, t);L2(G)‖. (1.18)

with a constant c independent ofg(x, t) andt ∈ [0, T ].

Lemmas 2.5–2.8 are proved in [66].
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Non-stationary Poiseuille solution

2.1 Formulation of the problem

In this chapter we study the initial-boundary value problem for the non-stationary
Navier-Stokes system in an infinite cylinderΠ = {x ∈ R3 : x′ = (x1, x2) ∈
σ, x3 ∈ R}:





ut(x, t)− ν∆u(x, t) + (u(x, t) · ∇u(x, t)) +∇p(x, t) = 0,

divu(x, t) = 0,

u(x, t) = 0,

u(x, 0)|∂Π = a(x).

(2.1)

We look for a solution of problem (2.1) having a prescribed time-dependent flux
F (t) through the cross-sectionσ:

∫

σ

u3(x′, t) dx′ = F (t). (2.2)

We assume that the initial data has the forma = (0, 0, a3), wherea3 = a3(x′)
does not depend onx3. Finally, we suppose that there holds the necessary compat-

17
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18 2. NON-STATIONARY POISEUILLE SOLUTION

ibility condition ∫

σ

a3(x′) dx′ = F (0). (2.3)

We look for the solution(u(x, t), p(x, t)) of problem (2.1), (2.2) in the form

u(x, t) = (0, 0, v(x′, t)), p(x, t) = −q(t)x3 + p0(t), (2.4)

wherep0(t) is an arbitrary function oft.

Definition. The solution of the problem (2.1), (2.2) having the form (2.4) is called
a Poiseuille solution.

Substituting (2.4) into (2.1), we get forv(x′, t) andq(t) the following initial-
boundary value problem for the heat equation





vt(x′, t)− ν∆′v(x′, t) = q(t),

v(x′, t) = 0,

v(x′, 0) = a3(x′),

(2.5)

where∆′ denotes the Laplace operator with respect to variablesx′ = (x1, x2).

The right-hand sideq(t) of equation (2.5) is not given; it has to be determined so
that the solutionv(x′, t) of (2.5) satisfies flux condition (2.2), i. e.,

∫

σ

v(x′, t) dx′ = F (t). (2.6)

Thus, we arrive at the following inverse problem:

Givena3(x′) andF (t), find a pair of functions(v(x′, t), q(t)), satisfying the
initial-boundary value problem(2.5) and the integral condition(2.6).

Note that the the existence of the stationary Poiseuille solution is well known
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2.1. Formulation of the problem 19

[33]. It solves the stationary Navier-Stokes system





−ν∆u(x) + (u(x) · ∇u(x)) +∇p = 0,

divu(x) = 0,

u(x)|∂Ω = 0,

∫
σ

u3(x)dx = F,

(2.7)

in the cylinderΠ and has the form:

uF (x) = (0, 0, qF v(x′)), pF (x) = −νqF x3 + p0, (2.8)

wherep0 – is an arbitrary constant, andv(x′) is the solution of the Dirichlet bound-
ary value problem for the Poisson equation




−ν∆′v(x′) = 1,

v(x′)|∂σ = 0.
(2.9)

Since ∫

σ

v(x′)dx′ = ν

∫

σ

|∇′v(x′)|2dx′ := κ0 > 0,

the constantqF could be chosen so that the Poiseuille solution satisfies the flux
condition

∫
σ

v(x′)dx′ = F , i. e. qF = Fκ−1
0 .

In the stationary case the constantqF defining the pressure drop is propor-
tional to the fluxF . So the stationary problem with the prescribed pressure drop
is equivalent to the one with the prescribed flux. In contrast, for the non-stationary
case the functionq(t) defining the pressure drop is determined as a solution to
inverse problem (2.5), (2.6). Thus, the non-stationary case the problem with a
given pressure dropq(t) is not equivalent to one with a given fluxF (t). Anal-
ogously, could be considered the Poiseuille solution in a two-dimensional strip
Π = {x = (x1, x2), x1 ∈ (0, h), x2 ∈ R}. In this case we suppose that the
initial data has the forma = (0, a2(x1)) and the flux condition is:

h∫

0

u2(x1, t)dx1 = F (t),
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20 2. NON-STATIONARY POISEUILLE SOLUTION

wherea(x′) andF (t) satisfy the compatibility condition:

h∫

0

a2(x1)dx1 = F (0).

The corresponding non-stationary Poiseuille solution(u, p) has the form

u(x, t) = (0, v(x1, t)), p(x, t) = −q(t)x2 + p0(t),

wherev(x1, t) andq(t) satisfy the inverse problem




vt(x1, t)− ν
∂2v(x1, t)

∂x2
1

= q(t),

v(0, t) = v(h, t) = 0,

v(x1, 0) = a2(x1),

h∫
0

v(x1, t)dx1 = F (t).

(2.10)

2.2 Construction of an approximate solution

Let us consider inσ × (0, T ) the inverse problem





vt(x′, t)− ν∆v(x′, t) = q(t),

v(x′, t)|∂σ = 0,

v(x′, 0) = a(x′),

∫
σ

v(x′, t) dx′ = F (t),

∫
σ

a(x′) dx′ = F (0).

(2.11)

We shall study problem (2.11) in Hölder spaces. First, we consider problem (2.11)
with a(x′, t) = 0.

Denote byuk(x′) andλk the eigenfunctions and eigenvalues of the Laplace



d

d

“thesis” — 2008/6/13 — 22:48 — page 21 — #30 d

d

d

d

d

d

2.2. Construction of an approximate solution 21

operator in the Sobolev space̊W 1
2 (σ):




−ν∆′uk(x′) = λkuk(x′),

uk(x′)|∂σ = 0.
(2.12)

It is well known (see, for example [6]) thatuk(x′) are orthonormal inL2(σ), i. e.,
∫

σ

uk(x′)ul(x′)dx′ = δkl,

whereδkl is Kronecker symbol. Moreover,
∫
σ
∇uk(x)∇ul(x)dx′ = λkδkl. Note

thatλk > 0 and{λk} → ∞ ask →∞.

The constant function 1 can be decomposed into the Fourier series:

1 =
∞∑

k=1

βkuk(x′),

whereβk =
∫
σ

uk(x′)dx′, k = 1, 2, . . . , and
∞∑

k=1

β2
k = |σ|. We look for an approx-

imate solution(v(N), q(N)) of the problem (2.11) in the form

v(N)(x′, t) =
N∑

k=1

w
(N)
k (t)uk(x′). (2.13)

Inserting (2.13) into (2.11), for functionsw(N)
k (t) we get ordinary differential

equations: 



w
(N)
k

′(t) + λkw
(N)
k (t) = βkq

(N)(t),

w
(N)
k (0) = 0, k = 1, ..., N.

The solutions of the equations for eachk = 1, ..., N has the form

w
(N)
k (t) = βk

t∫

0

exp(−λk(t− τ))q(N)(τ) dτ.
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22 2. NON-STATIONARY POISEUILLE SOLUTION

Thus, we get that

v(N)(x′, t) =
N∑

k=1

βk

( t∫

0

exp(−λk(t− τ))q(N)(τ) dτ

)
uk(x′). (2.14)

Now we choose the functionq(N)(t) in order to satisfy the condition
∫

σ

v(N)(x′, t) dx′ = F (t), ∀t ∈ (0, T ). (2.15)

Inserting (2.14) into (2.15), we obtain the equality

∫

Ω

v(N)(x′, t) dx′ =
N∑

k=1

βk

t∫

0

exp(−λk(t− τ))q(N)(τ) dτ

∫

Ω

uk(x′) dx′ = F (t),

which is equivalent to the Volterra integral equation of the first kind for the function
q(N)(t):

N∑

k=1

β2
k

t∫

0

exp(−λk(t− τ))q(N)(τ) dτ = F (t). (2.16)

Suppose that the derivative ofF (t) exists. Differentiating (2.16), we deduce that

q(N)(t)− 1
κN

N∑

k=1

β2
kλk

t∫

0

exp(−λk(t− τ))q(N)(τ) dτ = ϕ(N)(t), (2.17)

whereκN =
N∑

k=1

β2
k andϕ(N)(t) = F ′(t)/κN . This is a Volterra equation of the

second kind with the kernel

K(N)(t, τ) = κ−1
N

N∑

k=1

β2
kλk exp(−λk(t− τ)).

The solvability of such equations is well known; see [34] for instance. However,
it is not possible to pass to the limit asN →∞ directly in (2.17), since the series

κ−1∞
∞∑

k=1

β2
kλk that defines the limit kernelK(∞)(t, t) at t = τ diverges.

We will prove below that under natural compatibility conditions the sequence
{(v(N)(x′, t), q(N)(t))} converges asN →∞ in the formC2l+2δ, l+δ(Q×(0, T ))×
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2.3. Uniform estimates for the solution to integral equation(2.17) 23

C l+δ(0, T ) to a solution(v(x′, t), q(t)) of problem (2.11).

2.3 Uniform estimates for the solution to integral
equation (2.17)

In this section we prove uniform estimates in the Hölder space for the solu-
tion q(N)(t) of the integral equation (2.17). Consider first the auxiliary integral
equation

f (N)(t)− 1
κN

N∑

k=2

β2
kλk

t∫

0

exp(−λk(t− τ))f (N)(τ) dτ = g(t). (2.18)

Note that differently from (2.17), the sum in (2.18) starts fromk = 2.

Lemma 2.1.Suppose thatg ∈ Cδ(0, T ) andg(0) = 0. Then there exists a unique
solutionf (N) ∈ Cδ(0, T ) to (2.18). Moreover,f (N)(0) = 0 and

|f (N)(t)| ≤ κN

β2
1

sup
τ∈[0,T ]

|g(τ)|, ∀t ∈ [0, T ], (2.19)

‖f (N); Cδ(0, T )‖ ≤ 2
κN

β2
1

‖g; Cδ(0, T )‖. (2.20)

Proof. Put
f

(N)
0 (t) = g(t), . . . ,

f (N)
n (t) =

1
κN

N∑

k=2

β2
kλk

t∫

0

exp(−λk(t− τ))f (N)
n−1(τ) dτ, . . . ,

f (N)(t) =
∞∑

n=1

f (N)
n (t). (2.21)

Then
|f (N)

0 (t)| ≤ sup
τ∈[0,t]

|g(τ)|,

|f (N)
1 (t)| ≤ 1

κN
sup

τ∈[0,t]

|g(τ)|
N∑

k=2

β2
kλk

t∫

0

exp(−λk(t− τ)) dτ ≤
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24 2. NON-STATIONARY POISEUILLE SOLUTION

≤ 1
κN

sup
τ∈[0,t]

|g(τ)|
N∑

k=2

β2
k(1− exp(−λkt)) ≤ γN

κN
sup

τ∈[0,t]
|g(τ)|, ...,

|f (N)
n (t)| ≤

(
γN

κN

)n

sup
τ∈[0,t]

|g(τ)|, ...,

whereγN =
N∑

k=2

β2
k = κN − β2

1 . SinceγN/κN < 1, the series (2.21) that

determines a solution to (2.18) converges absolutely and uniformly on the interval
t ∈ [0, T ]. Moreover,

|f (N)(t)| ≤ sup
τ∈[0,t]

|g(τ)|
∞∑

n=0

(
γN

κN

)n

=

=
κN

κN − γN
sup

τ∈[0,t]
|g(τ)| = κN

β2
1

sup
τ∈[0,t]

|g(τ)|,

and (2.18) implies thatf (N)(0) = 0.

Estimate nowf (N)(t) in the Hölder norm. Sincef (N)
n−1(0) = 0, we have

|f (N)
n (t + h)− f (N)

n (t)| =
∣∣∣∣

1
κN

N∑

k=2

β2
kλk

t+h∫

0

exp(−λk(t + h− τ))f (N)
n−1(τ)dτ−

− 1
κN

N∑

k=2

β2
kλk

t∫

0

exp(−λk(t− τ))f (N)
n−1(τ) dτ

∣∣∣∣ ≤

≤ 1
κN

N∑

k=2

β2
kλk

t∫

0

exp(−λk(t− τ))|f (N)
n−1(τ + h)− f

(N)
n−1(τ)| dτ+

+
1
κN

N∑

k=2

β2
kλk

h∫

0

exp(−λk(t + h− τ))|f (N)
n−1(τ)− f

(N)
n−1(0)| dτ, n = 1, 2, . . . .

Estimating the right-hand sides here, we find that

|f (N)
0 (t + h)− f

(N)
0 (t)| = |g(t + h)− g(t)| ≤ hδ‖g; Cδ(0, T )‖,

|f (N)
1 (t + h)− f

(N)
1 (t)| ≤ 2hδ‖g; Cδ(0, T )‖ γN

κN
, ...,
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|f (N)
n (t + h)− f (N)

n (t)| ≤ 2hδ‖g; Cδ(0, T )‖
(

γN

κN

)n

, ....

for all ∀t, t + h ∈ [0, T ]. Hence,

‖f (N)
n ; Cδ(0, T )‖ ≤ 2‖g; Cδ(0, T )‖

(
γN

κN

)n

and consequently, the estimate (2.20) holds forf (N)(t) =
∞∑

n=1
f

(N)
n (t). The lemma

is proved.

Define now an operatorBN on the spacêCδ(0, T ) = {Φ(t) ∈ Cδ(0, T ) :
Φ(0) = 0} by the formula

BNΦ(t) = Φ(t)− 1
κN

N∑

k=2

β2
kλk

t∫

0

exp(−λk(t− τ))Φ(τ) dτ.

Lemma 2.1 implies that there exists a bounded inverse operator
B−1

N : Ĉδ(0, T ) → Ĉδ(0, T ) and that

‖B−1
N ; Ĉδ(0, T ) → Ĉδ(0, T )‖ ≤ 2

κN

β2
1

. (2.22)

In addition,
|B−1

N g(t)| ≤ κN

β2
1

sup
τ∈[0,t]

|g(τ)|. (2.23)

Consider the full equation (2.17), rewriting it in the form

BNq(N)(t) =
1
κN

β2
1λ1

t∫

0

exp(−λ1(t− τ))q(N)(τ) dτ + ϕ(N)(t). (2.24)

Introducing the notationg(N) = BNq(N) andq(N) = B−1
N gN , we obtain from

(2.24) the integral equation

g(N)(t)− 1
κN

β2
1λ1

t∫

0

exp(−λ1(t− τ))(B−1
N g(N))(τ) dτ = ϕ(N)(t). (2.25)

Lemma 2.2.Let ϕ(N)(t) ∈ Ĉδ(0, T ). Then there exists a unique solutiong(N) ∈
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Ĉδ(0, T ) to (2.25) satisfying the estimates

|g(N)(t)| ≤ exp(λ1t) sup
τ∈[0,t]

|ϕ(N)(τ)|, (2.26)

‖g(N); Cδ(0, T )‖ ≤ c exp(2λ1T )‖ϕ(N); Cδ(0, T )‖. (2.27)

Proof. Put

g(N)(t) =
∞∑

n=0

g(N)
n (t), (2.28)

where
g
(N)
0 (t) = ϕ(N)(t),

g
(N)
1 (t) =

1
κN

β2
1λ1

t∫

0

exp(−λ1(t− τ))(B−1
N g

(N)
0 )(τ) dτ, . . . ,

gn+1(t) =
1
κN

β2
1λ1

t∫

0

exp(−λ1(t− τ))(B−1
N g(N)

n )(τ) dτ, . . . .

Using (2.23), we infer by induction that

|g(N)
1 (t)| ≤ κN

β2
1

sup
τ∈[0,t]

|ϕ(N)(τ)| 1
κN

β2
1λ1

t∫

0

exp(−λ1(t− τ)) dτ ≤

≤ λ1t sup
τ∈[0,t]

|ϕ(N)(τ)|, . . . ,

|g(N)
n+1(t)| ≤

1
κN

β2
1λ1

t∫

0

exp(−λ1(t− τ))
κN

β2
1

sup
s∈[0,t]

|g(N)
n (s)| dτ ≤

≤ λn+1
1

n!
sup
τ∈∆t

|ϕ(N)(τ)|
t∫

0

τn dτ =
(λ1t)n+1

(n + 1)!
sup

τ∈[0,t]
|ϕ(N)(τ)|, . . . .

Thus,

∞∑

n=0

|g(N)
n (t)| ≤ sup

τ∈[0,t]
|ϕ(N)(τ)|

∞∑

n=0

(λ1t)n

n!
= exp(λ1t) sup

τ∈[0,t]
|ϕ(N)(τ)| (2.29)
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and hence series (2.28), determining the solution to integral equation (2.25) con-
verges absolutely and uniformly on each finite interval[0, T ]. Moreover,

|g(N)(t)| ≤ exp(λ1t) sup
τ∈[0,t]

|ϕ(N)(τ)| ≤ exp(λ1T ) sup
t∈[0,t]

|ϕ(N)(t)|. (2.30)

Using (2.22), it is easy to show that for the difference|g(N)(t+h)−g(N)(t)| holds
the inequality

|g(N)(t+h)− g(N)(t)| ≤ chδ exp(2λ1T )‖g(N); Ĉδ(0, T )‖, ∀t, t+h ∈ [0, T ].

Therefore,g(N) ∈ Ĉδ(0, T ) and (2.27) holds. The lemma is proved.

Lemma 2.3. Let ϕ(N) ∈ Ĉδ(0, T ). Then there exists a unique solutionq(N) ∈
Ĉδ(0, T ) to (2.17) and

|q(N)(t)| ≤ κN

β2
1

exp(λ1t) sup
τ∈[0,t]

|ϕ(N)(τ)|, (2.31)

‖q(N); Cδ(0, T )‖ ≤ c exp(2λ1T )‖ϕ(N); Cδ(0, T )‖. (2.32)

To prove this lemma it suffices to takeq(N) = B−1
N g(N) and to apply (2.22),

(2.23), (2.26), (2.27).

Denote byĈ l+δ(0, T ) the subspace of all functions inC l+δ(0, T ), satisfying
the conditions

h(0) = 0,
d
dt

h(0) = 0, . . . ,
dl

dtl
h(0) = 0. (2.33)

Lemma 2.4. Let ϕ(N) ∈ Ĉ l+δ(0, T ), l ≥ 0. Then there exists a unique solution
q(N) ∈ Ĉ l+δ(0, T ) to (2.17) and

∣∣∣ ds

dts
q(N)(t)

∣∣∣ ≤ κN

β2
1

exp(λ1t) sup
τ∈(0,t)

∣∣∣ ds

dτ s
ϕ(N)(τ)

∣∣∣, s = 0, . . . , l, (2.34)

‖q(N);C l+δ(0, T )‖ ≤ c exp(2λ1T )‖ϕ(N); C l+δ(0, T )‖. (2.35)
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Proof. Differentiating (2.17) we find that,

q(N)′(t)− 1
κN

N∑

k=1

β2
kλkq

(N)(t)−

− 1
κN

N∑

k=1

β2
kλk

t∫

0

d
dt

(
exp(−λk(t− τ))

)
q(N)(τ) dτ = ϕ(N)′(t).

Integrating by parts in the third term and using the conditionq(N)(0) = ϕ(N)(0) =
0, we rewrite this equation as

q(N)′(t)− 1
κN

N∑

k=1

β2
kλk

t∫

0

exp(−λk(t− τ))q(N)′(τ) dτ = ϕ(N)′(t).

Thus, forq(N)′(t) we obtain an equation analogous to (2.17). Sinceϕ(N)(t) ∈
Ĉ l+δ(0, T ), i. e.,

ds

dts
ϕ(N)(0) = 0, s = 0, . . . , l, the derivatives

ds

dts
q(N)(t), s =

1, . . . , l, satisfy (2.17) with the right-hand side equal to
ds

dts
ϕ(N)(t). Lemma 2.3

implies that
ds

dts
q(N)(t) ∈ Ĉ l+δ(0, T ), and because of (2.31) and (2.32), the esti-

mates (2.34) and (2.35) holds. The lemma is proved.

2.4 Existence of a solution to problem (2.11)

Let us prove first that the sequenceq(N)(t) converges in the norm of the space
C l+δ(0, T ).

Lemma 2.5. If F (t) ∈ Ĉ l+1+δ(0, T ) with, l ≥ 0 and δ ∈ (0, 1), then the
sequenceq(N)(t) converges in the norm ofC l+δ(0, T ), and the limit function
q(t) ∈ Ĉ l+δ(0, T ) satisfies the inequalities

∣∣∣ ds

dts
q(t)

∣∣∣ ≤ |σ|
β2

1

exp(λ1t) sup
τ∈[0,t]

∣∣∣ ds+1

dτ s+1
F (τ)

∣∣∣, s = 0, . . . , l, (2.36)

‖q; C l+δ(0, T )‖ ≤ c exp(2λ1T )‖F ; C l+1+δ(0, T )‖. (2.37)

Proof. It is easy to see that the differenceQ(N,M)(t) = q(N+M)(t) − q(N)(t)



d

d

“thesis” — 2008/6/13 — 22:48 — page 29 — #38 d

d

d

d

d

d

2.4. Existence of a solution to problem (2.11) 29

satisfies the relation

Q(N,M)(t)− 1
κN

N∑

k=1

β2
kλk

t∫

0

exp(−λk(t− τ))Q(N,M)(τ) dτ =

=
( 1
κN+M

− 1
κN

) N∑

k=1

β2
kλk

t∫

0

exp(−λk(t− τ))q(N+M)(τ) dτ+

+
1

κN+M

N+M∑

k=N+1

β2
kλk

t∫

0

exp(−λk(t− τ))q(N+M)(τ) dτ+

+(ϕ(N+M)(t)− ϕ(N)(t)) ≡ I
(N,M)
1 (t) + I

(N,M)
2 (t) + I

(N,M)
3 (t).

Since

lim
N→∞

κN =
∞∑

k=1

β2
k = |σ|, ϕ(N)(t) = F ′(t)/κN ,

we find using (2.35) that

‖I(N,M)
1 ; C l+δ(0, T )‖ ≤ c

∣∣∣ 1
κN+M

− 1
κN

∣∣∣
N∑

k=1

β2
k ‖q(N+M); C l+δ(0, T )‖ ≤

≤ c
∣∣∣ 1
κN+M

− 1
κN

∣∣∣
N∑

k=1

β2
k exp(2λ1T )‖ϕ(N+M); C l+δ(0, T )‖ ≤

≤ c
∣∣∣ 1
κN+M

− 1
κN

∣∣∣ exp(2λ1T )‖F ′; C l+δ(0, T )‖ → 0,

‖I(N,M)
2 ;C l+δ(0, T )‖ ≤

≤ c

κN+M
exp(2λ1T )‖F ′; C l+δ(0, T )‖

N+M∑

k=N+1

β2
k → 0,

‖I(N,M)
3 ; C l+δ(0, T )‖ =

∣∣∣ 1
κN+M

− 1
κN

∣∣∣ ‖F ′; C l+δ(0, T )‖ → 0,

asN, M → ∞. Since the functionQ(N,M)(t) is a solution to (2.17), by Lemma
2.4 (see the estimate (2.35)) we have

‖Q(N,M);C l+δ(0, T )‖ ≤
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≤ 2
κN

β2
1

exp(2λ1T )‖(I(N,M)
1 + I

(N,M)
2 + I

(N,M)
3 ); C l+δ(0, T )‖ → 0

asN,M → ∞. Thus,{qN (t)} is a Cauchy sequence in̂C l+δ(0, T ), and so there
exists a limit functionq(t) ∈ Ĉ l+δ(0, T ). Estimates (2.36) and (2.37) forq(t)
follow from the corresponding estimates forqN (t). The lemma is proved.

Now we shall prove the main result of the chapter.

Theorem 2.1.Let∂σ ∈ C2l+2+2δ, F (t) ∈ C l+1+δ(0, T ) anda(x) ∈ C2l+2+2δ(0, T )
with l ≥ 0, δ ∈ (0, 1/2). Suppose the compatibility conditions of orderl + 1

(
∆ma(x′)

)|∂σ = 0,
dm

dtm
F (0) =

∫

σ

∆ma(x′)dx, m = 0, . . . , l + 1, (2.38)

are valid. Then there exists a unique solution

(v(x′, t), q(t)) ∈ C2l+2+2δ,l+1+δ(σ × (0, T ))× Ĉ l+δ(0, T )

to problem(2.11), and

‖v; C2l+2+2δ,l+1+δ(0, T )‖+ ‖q; C l+δ(0, T )‖ ≤ c(T )‖F ; C l+1+δ(0, T )‖.
(2.39)

Proof. Consider first the casea(x′) ≡ 0. Suppose thatF ∈ Ĉ l+1+δ(0, T ). By
construction, the function

v(N)(x′, t) =
N∑

k=1

βk

( t∫

0

exp(−λk(t− τ))q(N)(τ) dτ

)
uk(x′)

solves the initial-boundary value problem:




v
(N)
t (x′, t)− ν∆v(N)(x′, t) = f (N)(x′, t),

v(N)(x′, t)|∂σ = 0,

v(N)(x′, 0) = 0,

(2.40)

wheref (N)(x′, t) = q(N)(t)
N∑

k=1

βkuk(x′). Thus (see for instance [32], [75]),

‖v(N); W 1,1
2 (σ × (0, T ))‖ ≤ c‖f (N); L2(σ × (0, T ))‖, (2.41)
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and the constantc is independent ofN . Using Lemma 2.5, it is easy to show that
the sequence

{f (N)(x′, t)} =
{

q(N)(t)
N∑

k=1

βkuk(x′)
}

converges in the norm ofL2(σ×(0, T )) to q(t). Since the problem (2.40) is linear,
the difference

V (N,M)(x′, t) = v(N+M)(x′, t)− v(N)(x′, t)

is a solution to the analogous problem with the right-hand sidef (N+M)(x′, t) −
f (N)(x′, t). By (2.41) we conclude thatv(N)(t) is a Cauchy sequence inW 1,1

2 (σ×
(0, T )), and so the limit

lim
N→∞

v(N)(x′, t) = v(x′, t) ∈ W 1,1
2 (σ × (0, T ))

exists, yielding a generalized solution to





vt(x′, t)− ν∆v(x′, t) = q(t),

v(x′, t)|∂σ = 0,

v(x′, 0) = 0.

(2.42)

The right-hand sideq(t) ∈ C l+δ(0, T ) of (2.42) depends only ont. Thus,q(t) ∈
C2l+2δ,l+δ(σ × (0, T )), and

‖q; C2l+2δ,l+δ(σ × (0, T ))‖ ≤ c‖q; C l+δ(0, T )‖.

Furthermore,q(t) satisfies the compatibility conditions

q(0) = . . . =
dl

dtl
q(0) = 0.

Consequently (see [32], [75]),v ∈ C2l+2+2δ,l+1+δ(σ × (0, T )) and

‖v; C2l+2+2δ,l+1+δ(σ × (0, T ))‖ ≤ c‖q; C2l+2δ,l+δ(σ × (0, T ))‖ ≤

≤ c‖q; C l+δ(0, T )‖ ≤ c exp(2λ1T )‖F ; C l+1+δ(0, T )‖.
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By construction, for allN the functionsv(N)(x′, t) satisfy the flux condition
∫

σ

v(N)(x′, t)dx = F (t), ∀t ∈ [0, T ],

which holds for the limit functionv(x′, t) as well. Therefore,(v(x′, t), q(t)) is a
solution to the inverse problem (2.11) fora(x′) ≡ 0 and estimate (2.39) holds.
Consider now the case of an arbitrarya(x′) ∈ C l+2+δ(σ). Look for a solution
of the problem (2.11) in the form of the sum(v(x′, t), q(t)) = (v1(x′, t), 0) +
(v2(x′, t), q(t)), wherev1(x′, t) is a solution to the initial-boundary value problem





v1t(x′, t)− ν∆v1(x′, t) = 0,

v1(x′, t)|∂σ = 0,

v1(x′, 0) = a(x′).

(2.43)

Sincea(x′) satisfies the compatibility conditions of orderl + 1 (see (2.38)), there
exists a unique solutionv1(x′, t) to (2.43), satisfying the estimate

‖v1; C2l+2+2δ,l+1+δ(σ × (0, T ))‖ ≤ c‖a; C2l+2+2δ(σ)‖. (2.44)

For (v2(x′, t), q(t)) we obtain the inverse problem





v2t(x′, t)− ν∆v2(x′, t) = q(t),

v2(x′, t)|∂σ = 0,

v2(x′, 0) = 0,

∫
σ

v2(x′)dx′ = F (t)− ∫
σ

v1(x′, t)dx′ : = F̃ (t).

(2.45)

Using the second equalities in the compatibility conditions (2.38), we see that

dm

dtm
F̃ (0) = 0, m = 0, . . . , l + 1.

Moreover,F̃ (t) ∈ Ĉ l+1+δ(0, T ) and

‖F̃ ; Ĉ l+1+δ(0, T )‖ ≤ c
(‖F ; Ĉ l+1+δ(0, T )‖+‖v1; C2l+2+2δ,l+1+δ(σ×(0, T ))‖) ≤
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≤ c
(‖F ; Ĉ l+1+δ(0, T )‖+ ‖a; C2l+2+2δ(σ)‖).

Therefore, there exists a solution(v2(x′, t), q(t)) ∈ C2l+2+2δ,l+1+δ(σ× (0, T ))×
Ĉ l+δ(0, T ) to (2.45), satisfying the estimate

‖v2; C2l+2+2δ,l+1+δ(σ×(0, T ))‖+‖q; C l+δ(0, T )‖ ≤ c(T )‖F̃ ; C l+1+δ(0, T )‖ ≤

≤ c(T )
(
‖F ; Ĉ l+1+δ(0, T )‖+ ‖a; C2l+2+2δ(σ)‖

)
.

Thus,(v(x′, t), q(t)), wherev(x′) = v1(x′, t) + v2(x′, t), is a solution to (2.11),
and estimate (2.39) holds.

Let us prove the uniqueness of the solution. TakeF (t) ≡ 0 anda(x′) ≡ 0.
Multiply (2.11) byv(x′, t) and then integrating by parts inσ we get:

1
2

d
dt

∫

σ

|v(x′, t)|2 dx′ + ν

∫

σ

|∇v(x′, t)|2 dx′ = q(t)
∫

σ

v(x′, t)dx′ = 0.

Integrate the last equality with respect tot,

1
2

∫

σ

|v(x′, t)|2 dx′ + ν

t∫

0

∫

σ

|∇v(x′, τ)|2 dx′dτ = 0.

Hence,v(x′, t) = 0, and from (2.11) we find thatq(t) = 0. The theorem is
proved.

Let us consider in the infinite cylinderΠ = {x ∈ Rn, n = 2, 3 : x′ =
(x1, .., xn−1) ∈ ω, xn ∈ R} the Navier-Stokes equations with time periodic con-
ditions, i. e. we consider the following problem:





ut(x, t)− ν∆u(x, t) + (u(x, t) · ∇u(x, t)) +∇p(x, t) = f(x, t),

divu = 0,

u(x, 0) = u(x, T ),

u(x, 0)|∂Π = a(x).

(2.46)

We look for a solution of problem (2.46) having a prescribed time periodic flux
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34 2. NON-STATIONARY POISEUILLE SOLUTION

F (t) through the cross-sectionσ:
∫

σ

un(x′, t)dx′ = F (t), F (0) = F (T ). (2.47)

We assume that the initial data has the forma = (0, .., 0, an), wherean = an(x′)
does not depend onxn. We also suppose that external forcef has the form
f = (0, .., 0, fn(x′, t)), wherefn(x′, t) is a time periodic function:fn(x′, 0) =
fn(x′, T ).

The Poiseuille solution of problem (2.46), (2.47) has the form

U(x, t) = (0, .., 0, Un(x′, t)), P (x, t) = −q(t)xn. (2.48)

Substituting (2.4) into (2.1), we get forv(x′, t) andq(t) the following problem
for the heat equation





Unt(x′, t)− ν∆′Un(x′, t) = q(t) + fn(x′, t),

Un(x′, t)
∣∣
∂σ

= 0,

Un(x′, 0) = Un(x′, 2π),

∫

σ

Un(x′, t)dx′ = F (t).

(2.49)

Theorem 2.2. There exists the time periodic Poiseuille solution
(
U(x), P (x, t)

)
,

i. e. the exact solution of the time periodic Stokes (and Navier–Stokes) problem
(2.46), having the form (2.48) and satisfying the flux condition

∫

σ

Un(x′, t)dx′ = F (t).

The pair of functions
(
Un(x′, t), q(t)

)
is the solution of problem (2.49). For

any periodicF (t) the problem (2.49) admits a unique time periodic solution(
Un(x′, t), q(t)

) ∈ (
W 2,1

2 (σ × (0, 2π)) × L2(0, 2π)
)
. Moreover, there holds the

estimate

‖Un; W 2,1
2 (σ × (0, 2π))‖2 + ‖q; L2(0, 2π)‖2 ≤ c‖F ; W 1

2 (0, 2π)‖2. (2.50)
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Theorem 2.2 is proved in [8], [19].
The results obtained in this chapter is presented in [A1].
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3
Time periodic Stokes problem

3.1 Formulation of the problem

In this chapter we study in the domainΩ with cylindrical outlets to infinity
the linear time periodic1 Stokes problem:





ut(x, t)− ν∆u(x, t) +∇p(x, t) = f(x, t),

divu(x, t) = 0,

u(x, t)
∣∣
∂Ω

= 0,

u(x, 0) = u(x, 2π),

∫
σj

u(x, t) · n(x) ds = Fj(t), j = 1, . . . , J,

(3.1)

with prescribed fluxesFj(t) over cross–sectionsσj of outlets to infinity. We as-
sume that the external forcef(x, t) and the fluxesFj(t) are time periodic functions
with the period2π:

f(x, 0) = f(x, 2π), Fj(0) = Fj(2π), j = 1, . . . , J.

1without loss of generality we assume the period is equal to2π
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38 3. TIME PERIODIC STOKES PROBLEM

Moreover, we suppose that there holds the necessary compatibility condition

J∑

j=1

Fj(t) = 0, ∀t ∈ [0, 2π].

We shall prove that problem (3.1) admits a unique solution(u, p) that tends
in each outlet to infinity to the time periodic Poiseuille flow corresponding to the
cylinderΠj and the fluxFj(t).

3.2 Solvability of problem (3.1) with zero fluxes

First we consider inΩ × (0, 2π) the time periodic Stokes problem assuming
that all fluxesFj(t), j = 1, ..., J , are equal to zero, i. e., consider the problem





ut(x, t)− ν∆u(x, t) +∇p(x, t) = f(x, t),

divu(x, t) = 0,

u(x, t)|∂Ω = 0,

u(x, 0) = u(x, 2π),

∫

σj

u(x, t) · n(x)ds = 0, j = 1, ..., J.

(3.2)

Definition. By the weak solution of problem (3.2) we call time periodic func-
tion u ∈ W̊ 1,1

2 (Ω× (0, 2π)) satisfying the condition

divu(x, t) = 0,

and the integral identity

2π∫

0

∫

Ω

ut(x, t) · η(x, t)dxdt + ν

2π∫

0

∫

Ω

∇u(x, t) · ∇η(x, t)dxdt
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=

2π∫

0

∫

Ω

f(x, t) · η(x, t)dxdt, (3.3)

for every divergence free time periodicη(x, t) ∈ W̊ 1,0
2 (Ω× (0, 2π)).

Note that each divergence free vector-fieldu(x, t) equal to zero on∂Ω and
such∇u(·, t) ∈ L2(Ω) has zero fluxes over all cross-sectionsσj , i. e.

∫

σj

u(x, t) · n(x)dS = 0, j = 1, ..., J.

First, let us construct an approximate solution to problem (3.2). The right–
hand sidef(x, t) is time periodic andf(x, t) ∈ L2(Ω× (0, 2π)). Thereforef(x, t)
may be represented as the Fourier series

f(x, t) =
∞∑

n=0

(
fsn(x) sin(nt) + fcn(x) cos(nt)

)
,

wherefsn(x), fcn(x) ∈ L2(Ω), n = 0, 1, 2, . . . .

We look for an approximate solutionuN (x, t) of problem (3.2) in the form

uN (x, t) =
N∑

n=0

(
an(x) sin(nt) + bn(x) cos(nt)

)
, (3.4)

where the coefficients
(
an, bn

) ∈ W̊ 1
2 (Ω) are found as divergence free solutions

to the system of the integral identities




−n

∫

Ω

bn(x) · η(x)dx + ν

∫

Ω

∇an(x) · ∇η(x)dx =
∫

Ω

fsn(x) · η(x)dx,

n

∫

Ω

an(x) · ξ(x)dx + ν

∫

Ω

∇bn(x) · ∇ξ(x)dx =
∫

Ω

fcn(x) · ξ(x)dx,

(3.5)

whereη(x) and ξ(x) are arbitrary divergence free functions in̊W 1
2 (Ω), i. e.,(

an(x), bn(x)
)
, n = 0, 1, 2, . . . , are weak solutions of the following stationary



d

d

“thesis” — 2008/6/13 — 22:48 — page 40 — #49 d

d

d

d

d

d
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“Stokes type” problems





−nbn(x)− ν∆an(x) +∇psn(x) = fsn(x),

nan(x)− ν∆bn(x) +∇pcn(x) = fcn(x),

divan(x) = 0, divbn(x) = 0,

an(x)
∣∣∣
∂Ω

= 0, bn(x)
∣∣∣
∂Ω

= 0.

(3.6)

The solution of problem (3.6) is unique. Indeed, letfsn(x) = fcn(x) = 0. Take
in (3.51) η(x) = an(x) and in (3.52) ξ(x) = bn(x). Summing the obtained
inequalities, we derive

ν

∫

Ω

|∇ak
n(x)|2dx + ν

∫

Ω

|∇bk
n(x)|2dx = 0

and, hence,ak
n(x) = bk

n(x) = 0. Moreover, it is straightforward to verify the
following a priori estimate

‖an; W 1
2 (Ω)‖2 + ‖bn; W 1

2 (Ω)‖2

≤ c
(
‖fsn; L2(Ω)‖2 + ‖fcn; L2(Ω)‖2

)
∀n = 0, 1, .... (3.7)

with the constantc independent ofn. Therefore, using standard for elliptic prob-
lems arguments(e. g. [6]), we conclude

Lemma 3.1. Let fcn(x), fsn(x) ∈ L2(Ω). Then problem(3.5) admits a unique
weak solution

(
an(x),bn(x)

) ∈ W̊ 1
2 (Ω) satisfying the estimate(3.7).

Let us prove that the approximate solutionsuN (x, t) defined by (3.4) converge
to a weak solution of problem (3.2).

Theorem 3.1. Let f(x, t) ∈ L2(Ω × (0, 2π)) be time periodic function. Then
problem (3.2) admits a unique time periodic weak solutionu(x, t) ∈ W 1,1

2 (Ω ×
(0, 2π)) and there holds the estimate

sup
t∈[0,2π]

‖u(·, t); W̊ 1
2 (Ω)‖2 + ‖u;W 1,1

2 (Ω× (0, 2π))‖2
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3.2. Solvability of problem (3.1) with zero fluxes 41

≤ c‖f ; L2(Ω× (0, 2π))‖2. (3.8)

Proof. From the definition ofuN (x, t) andan(x), bn(x) (see (3.4) and (3.5)) it
follows that there holds the integral identity
∫

Ω

uNt(x, t) ·η(x)dx+ν

∫

Ω

∇uN (x, t) ·∇η(x)dx =
∫

Ω

fN (x, t) ·η(x)dx, (3.9)

where

fN (x, t) =
N∑

n=0

(
fsn(x) sin(nt) + fcn(x) cos(nt)

)

andη(x) is an arbitrary divergence free function in̊W 1
2 (Ω). In order to prove

(3.9), it is sufficient to take in (3.5)η(x) = ξ(x), to multiply (3.51) by sin(nt),
(3.52) by cos(nt) and to sum the obtained relations. Taking in (3.9)η = uN (x, t)
and using Young and Poincaré inequalities we derive

1
2

d

dt

∫

Ω

|uN (x, t)|2dx +
ν

2

∫

Ω

|∇uN (x, t)|2dx ≤ c

∫

Ω

|fN (x, t)|2dx. (3.10)

Integrating (3.10) with respect tot over the interval(0, 2π), we get, in view of the
periodicity ofuN (x, t), that

2π∫

0

∫

Ω

|∇uN (x, t)|2dxdt ≤ c

2π∫

0

∫

Ω

|fN (x, t)|2dxdt. (3.11)

Let us take now in (3.9)η = tuN (x, t):

1
2

d

dt

∫

Ω

t|uN (x, t)|2dx + νt

∫

Ω

|∇uN (x, t)|2dx = t

∫

Ω

fN (x, t) · uN (x, t)dx

+
1
2

∫

Ω

|uN (x, t)|2dx ≤ t2

2

∫

Ω

|fN (x, t)|2dx +
∫

Ω

|uN (x, t)|2dx.

Integrating the last inequality over the interval(0, 2π), we get using Poincaré in-
equality and (3.11)

π

∫

Ω

|uN (x, 2π)|2dx ≤ 2π2

2π∫

0

∫

Ω

|fN (x, t)|2dxdt +

2π∫

0

∫

Ω

|uN (x, t)|2dxdt
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≤ 2π2

2π∫

0

∫

Ω

|fN (x, t)|2dxdt+c

2π∫

0

∫

Ω

|∇uN (x, t)|2dxdt ≤ c

2π∫

0

∫

Ω

|fN (x, t)|2dxdt

and, sinceuN (x, 0) = uN (x, 2π), we have

∫

Ω

|uN (x, 0)|2dx ≤ c

2π∫

0

∫

Ω

|fN (x, t)|2dxdt.

Let us take in (3.9)η = tuNt(x, t):

t

∫

Ω

|uNt(x, t)|2dx +
ν

2
d

dt

∫

Ω

t|∇uN (x, t)|2dx = t

∫

Ω

fN (x, t) · uNt(x, t)dx

+
ν

2

∫

Ω

|∇uN (x, t)|2dx ≤ t

2

∫

Ω

|fN (x, t)|2dxdt +
t

2

∫

Ω

|uNt(x, t)|2dxdt

+
ν

2

∫

Ω

|∇uN (x, t)|2dx.

Therefore,

ν

2
d

dt

∫

Ω

t|∇uN (x, t)|2dx ≤ t

2

∫

Ω

|fN (x, t)|2dxdt +
ν

2

∫

Ω

|∇uN (x, t)|2dxdt.

Integrating over(0, 2π), using the periodicity condition∇uN (x, 0) = ∇uN (x, 2π)
and (3.11), we conclude

∫

Ω

|∇uN (x, 0)|2dx ≤ c

2π∫

0

∫

Ω

|fN (x, t)|2dxdt.

Thus,uN (·, 0) ∈ W̊ 1
2 (Ω) and

‖uN (·, 0); W̊ 1
2 (Ω)‖2 ≤ c

2π∫

0

‖fN (·, t); L2(Ω)‖2dt
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≤ c

2π∫

0

‖f(·, t); L2(Ω)‖2dt. (3.12)

Now arguing in the usual way (as in the case of initial–boundary value problem, e.
g. [27]), we derive the estimate

sup
t∈[0,2π]

‖uN (·, t); W̊ 1
2 (Ω)‖2+

2π∫

0

‖uNt(·, t); W̊ 1
2 (Ω)‖2dt ≤ c

(
‖uN (·, 0); W̊ 1

2 (Ω)‖2

+

2π∫

0

‖fN (·, t); L2(Ω)‖2dt
)
≤ c

2π∫

0

‖f(·, t); L2(Ω)‖2dt. (3.13)

Thus, the sequence
{
uN (x, t)

}
is bounded in the norm of the spaceW 1,1

2 (Ω ×
(0, 2π)) and there exists a weakly convergent inW 1,1

2 (Ω × (0, 2π)) subsequence{
uNl

(x, t)
}

. It is easy to conclude from (3.9) that everyuNl
(x, t) satisfies the

integral identity

2π∫

0

∫

Ω

uNl t(x, t) · η(x, t)dxdt +

2π∫

0

∫

Ω

∇uNl
(x, t) · ∇η(x, t)dxdt

=

2π∫

0

∫

Ω

fNl
(x, t) · η(x, t)dxdt (3.14)

with anyη(x, t) having the form

η(x, t) =
L∑

n=0

(
ηsn(x) sin(nt) + ηcn(x) cos(nt)

)
. (3.15)

In (3.15) the functionsηsn(x), ηcn(x) ∈ W̊ 1
2 (Ω), n = 0, 1, 2, . . . are divergence

free. PassingNl → ∞ in (3.14), we find that the limit functionu(x, t) satisfies
the integral identity (3.3) for everyη(x, t) having the representation (3.15). Any
time periodic divergence free function belonging to the spaceW̊ 1,0

2 (Ω × (0, 2π))
could be decomposed in a Fourier series with coefficients inW̊ 1

2 (Ω). Therefore,
the sums (3.15) are dense in the space of time periodic divergence free functions
from W̊ 1,0

2 (Ω× (0, 2π)). Hence,u(x, t) satisfies the integral identity (3.3) for any
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such functionη(x, t). Obviously, for the limit functionu(x, t) the estimate (3.13)
remains valid. The theorem is proved.

3.3 Estimates of the solution in weighted function
spaces

In this section we shall prove that the solution of problem (3.2) belongs to the
weighted function space provided that the right–hand sidef(x, t) belongs to the
corresponding weighted space.

Theorem 3.2. Let f(x, t) ∈ L2,β(Ω × (0, 2π)), βj ≥ 0, j = 1, ..., J, be time
periodic function. If the numberγ∗ in inequality(1.33) is sufficiently small, then
the time periodic weak solutionu(x, t) of the problem (3.2) belongs to the space
W1,1

2,β(Ω× (0, 2π)) and there holds the estimate

sup
t∈[0,2π]

‖u(·, t);W1
2,β(Ω)‖2 + ‖u;W1,1

2,β(Ω× (0, 2π))‖2

≤ c‖f ;L2,β(Ω× (0, 2π))‖2. (3.16)

Moreover, if∂Ω ∈ C2, thenu ∈ W2,1
2,β(Ω×(0, 2π)), ∇p ∈ L2,β(Ω×(0, 2π))

and there holds the estimate

‖u;W2,1
2,β(Ω× (0, 2π))‖2 + ‖∇p;L2,β(Ω× (0, 2π))‖2

≤ c‖f ;L2,β(Ω× (0, 2π))‖2. (3.17)

Proof. Let us take in the integral identity (3.3)η(x, t) = E
(k)
β (x)u(x, t) +

W(k)(x, t), whereE
(k)
β (x) is the “step” weight function (1.5) andW(k)(x, t) is

the vector-field from Lemma 1.7. This gives

2π∫

0

∫

Ω

E
(k)
β (x)ut(x, t) · u(x, t)dxdt +

2π∫

0

∫

Ω

ut(x, t) ·W(k)(x, t)dxdt

+ν

2π∫

0

∫

Ω

∇u(x, t) · ∇(
E

(k)
β (x)u(x, t) + W(k)(x, t)

)
dxdt
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=

2π∫

0

∫

Ω

f(x, t) · (E(k)
β (x)u(x, t) + W(k)(x, t)

)
dxdt (3.18)

(note thatη ∈ W̊ 1,0
2 (Ω× (0, 2π)) anddivη(x, t) = 0, ∀t ∈ [0, 2π]). Since

2π∫

0

∫

Ω

E
(k)
β (x)ut(x, t)·u(x, t)dxdt =

1
2

∫

Ω

E
(k)
β (x)(|u(x, 2π)|2−|u(x, 0)|2)dx = 0,

the relation (3.18) takes the form

ν

2π∫

0

∫

Ω

E
(k)
β (x)|∇u(x, t)|2dxdt = −

2π∫

0

∫

Ω

ut(x, t) ·W(k)(x, t)dxdt

−ν

2π∫

0

∫

Ω

∇u(x, t) · (∇E
(k)
β (x)u(x, t) +∇W(k)(x, t)

)
dxdt

+

2π∫

0

∫

Ω

f(x, t) · (E(k)
β (x)u(x, t) + W(k)(x, t)

)
dxdt = I1 + I2 + I3. (3.19)

We estimate the termI1 using the Hölder inequality, weighted Poincaré inequality
(1.12) and properties of the functionW(k)(x, t) (see (1.13) and (1.14)):

|I1| ≤ c
( 2π∫

0

∫

Ω

E
(k)
−β(x)|W(k)(x, t)|2dxdt

)1/2( 2π∫

0

∫

Ω

E
(k)
β (x)|ut(x, t)|2dxdt

)1/2

≤ c
( 2π∫

0

∫

Ω

E
(k)
−β(x)|∇W(k)(x, t)|2dxdt

)1/2( 2π∫

0

∫

Ω

E
(k)
β (x)|ut(x, t)|2dxdt

)1/2

≤ c1γ∗
[ 2π∫

0

∫

Ω

E
(k)
β (x)|∇u(x, t)|2dxdt +

2π∫

0

∫

Ω

E
(k)
β (x)|ut(x, t)|2dxdt

]
. (3.20)

Arguing analogously and using the property(1.33) of the weight-functionE(k)
β (x),
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we get

|I2| ≤ cγ∗
( 2π∫

0

∫

Ω

E
(k)
β (x)|∇u(x, t)|2dxdt

)1/2( 2π∫

0

∫

Ω

E
(k)
β (x)|u(x, t)|2dxdt

)1/2

+c
( 2π∫

0

∫

Ω

E
(k)
−β(x)|∇W(k)(x, t)|2dxdt

)1/2( 2π∫

0

∫

Ω

E
(k)
β (x)|∇u(x, t)|2dxdt

)1/2

≤ c2γ∗

2π∫

0

∫

Ω

E
(k)
β (x)|∇u(x, t)|2dxdt. (3.21)

Finally,

|I3| ≤ cε

2π∫

0

∫

Ω

E
(k)
β (x)|f(x, t)|2dxdt + ε

( 2π∫

0

∫

Ω

E
(k)
β (x)|u(x, t)|2dxdt

+

2π∫

0

∫

Ω

E
(k)
−β(x)|W(k)(x, t)|2dxdt

)

≤ cε

2π∫

0

∫

Ω

E
(k)
β (x)|f(x, t)|2dxdt + c3ε

2π∫

0

∫

Ω

E
(k)
β (x)|∇u(x, t)|2dxdt. (3.22)

From (3.19)–(3.22) it follows that

ν

2π∫

0

∫

Ω

E
(k)
β (x)|u(x, t)|2dxdt ≤ c4(ε + γ∗)

2π∫

0

∫

Ω

E
(k)
β (x)|∇u(x, t)|2dxdt

+c1γ∗

2π∫

0

∫

Ω

E
(k)
β (x)|ut(x, t)|2dxdt + cε

2π∫

0

∫

Ω

E
(k)
β (x)|f(x, t)|2dxdt. (3.23)

Next we take in the integral identity (3.3)η(x, t) = E
(k)
β (x)ut(x, t)+W(k)

t (x, t).
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This gives

2π∫

0

∫

Ω

E
(k)
β (x)|ut(x, t)|2dxdt +

ν

2

∫

Ω

E
(k)
β (x)(|∇u(x, 2π)|2 − |∇u(x, 0)|2)dx

= −
2π∫

0

∫

Ω

ut(x, t) ·W(k)
t (x, t)dxdt

−ν

2π∫

0

∫

Ω

∇u(x, t) · (∇E
(k)
β (x)ut(x, t) +∇W(k)

t (x, t)
)
dxdt

+

2π∫

0

∫

Ω

f(x, t) · (∇E
(k)
β (x)ut(x, t) + W(k)

t (x, t)
)
dxdt (3.24)

Because of the periodicity condition the second term in the left–hand side of (3.24)
is equal to zero. Estimating the right-hand side of (3.24) as above and using (1.14),
we derive

2π∫

0

∫

Ω

E
(k)
β (x)|ut(x, t)|2dxdt ≤ c5(ε + γ∗)

2π∫

0

∫

Ω

E
(k)
β (x)|ut(x, t)|2dxdt

+c6γ∗

2π∫

0

∫

Ω

E
(k)
β (x)|∇u(x, t)|2dxdt + cε

2π∫

0

∫

Ω

E
(k)
β (x)|f(x, t)|2dxdt. (3.25)

Summing the inequalities (3.23) and (3.25) yields

2π∫

0

∫

Ω

E
(k)
β (x)

(|ut(x, t)|2 + |∇u(x, t)|2dxdt

≤ c7(ε + γ∗)

2π∫

0

∫

Ω

E
(k)
β (x)(|ut(x, t)|2 + |∇u(x, t)|2)dxdt

+cε

2π∫

0

∫

Ω

E
(k)
β (x)|f(x, t)|2dxdt. (3.26)
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Let us takeε = γ∗. If the numberγ∗ is sufficiently small, i. e. if

γ∗ ≤ 1
4c7

min{ν, 1},

then from (3.26) it follows that

‖ut;L2,β(Ω× (0, 2π))‖2 + ‖∇u;L2,β(Ω× (0, 2π))‖2

≤ c‖f ;L2,β(Ω× (0, 2π))‖2. (3.27)

Now, let us take in the integral identity (3.3)η(x, t) = tE
(k)
β (x)u(x, t) +

tW(k)(x, t). Since

2π∫

0

∫

Ω

tE
(k)
β (x)ut(x, t) · u(x, t)dxdt = π

∫

Ω

E
(k)
β (x)|u(x, 2π)|2dx

−1
2

2π∫

0

∫

Ω

E
(k)
β (x)|u(x, t)|2dxdt,

arguing as above and using weighted Poincaré inequality (1.12), we derive

π

∫

Ω

E
(k)
β (x)|u(x, 2π)|2dx ≤ c

2π∫

0

∫

Ω

E
(k)
β (x)

(|ut(x, t)|2 + |∇u(x, t)|2)dxdt

+

2π∫

0

∫

Ω

E
(k)
β (x)|f(x, t)|2dxdt

and, from (3.27) we conclude
∫

Ω

E
(k)
β (x)|u(x, 0)|2dx =

∫

Ω

E
(k)
β (x)|u(x, 2π)|2dx

≤ c

2π∫

0

∫

Ω

E
(k)
β (x)|f(x, t)|2dxdt. (3.28)
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Analogously, taking in (3.3)η(x, t) = tE
(k)
β (x)ut(x, t) + tW(k)

t (x, t), we get

∫

Ω

E
(k)
β (x)|∇u(x, 0)|2dx =

∫

Ω

E
(k)
β (x)|∇u(x, 2π)|2dx

≤ c

2π∫

0

∫

Ω

E
(k)
β (x)|f(x, t)|2dxdt. (3.29)

Now, repeating the arguments from paper [66] (see Chapter 4, Theorem 3.2), we
derive the estimate

∫

Ω

E
(k)
β (x)

(|u(x, t)|2 + |∇u(x, t)|2)dx

+

t∫

0

∫

Ω

E
(k)
β (x)

(|uτ (x, τ)|2 + ν|∇u(x, τ)|2)dxdτ ≤ c
(∫

Ω

E
(k)
β (x)|u(x, 0)|2dx

+

t∫

0

∫

Ω

E
(k)
β (x)|f(x, τ)|2dxdτ

)
≤ c

t∫

0

∫

Ω

Eβ(x)|f(x, τ)|2dxdτ (3.30)

for ∀t ∈ [0, 2π]. The right-hand side of (3.30) does not depend on k. Therefore,
passing in (3.30) to a limit ask →∞, we get the estimate

sup
t∈[0,2π]

‖u(·, t);W1
2,β(Ω)‖2 + ‖u;W1,1

2,β(Ω× (0, 2π))‖2

≤ c‖f ;L2,β(Ω× (0, 2π))‖2. (3.31)

Let ∂Ω ∈ C2. From integral identity (3.3) it follows that for almost allt ∈
[0, T ] there holds the identity

ν

∫

Ω

∇u(x, t) · ∇η(x)dx =
∫

Ω

(f(x, t)− ut(x, t)) · η(x)dx

whereη(x) is arbitrary divergence-free function belonging to the spaceW̊ 1
2 (Ω).

Hence,u(·, t) ∈ W̊ 1
2 (Ω) could be considered as a weak solution of the stationary
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50 3. TIME PERIODIC STOKES PROBLEM

Stokes problem with the right-hand side equal tof(x, t)− ut(x, t):




−ν∆u(x, t) +∇p(x, t) = f(x, t)− ut(x, t),

divu(x, t) = 0,

u(x, t)|∂Ω = 0,

∫

σj

u(x, t) · n(x)ds = 0, j = 1, ..., J.

(3.32)

We havef(·, t)− ut(·, t) ∈ L2,β(Ω) for almost allt ∈ [0, 2π]. If γ∗ is sufficiently
small, then the weak solutionu(x, t) of (3.32) belongs to the spaceW2

2,β(Ω).
Moreover, there exists a functionp(x, t) with∇p(·, t) ∈ L2,β(Ω) such that(u(x, t), p(x, t))
satisfy equation (3.32) almost everywhere inΩ and there holds the estimate

‖u(·, t);W2
2,β(Ω)‖2 + ‖∇p(·, t);L2,β(Ω)‖2 ≤ c‖(f(·, t)− ut(·, t));L2,β(Ω)‖2

≤ c
(
‖f(·, t);L2,β(Ω)‖2 + ‖ut(·, t);L2,β(Ω)‖2

)
. (3.33)

Integrating inequality (3.33) with respect tot and using (3.31) we derive

2π∫

0

∫

Ω

Eβ(x)
(|u(x, τ)|2 + |∇u(x, τ)|2 +

∑

|α|=2

|Dα
xu(x, τ)|2)dxdτ

+

2π∫

0

∫

Ω

Eβ(x)|∇p(x, τ)|2dxdτ ≤ c‖f ;L2,β(Ω× (0, 2π))‖2.

The last estimate together with (3.31) is equivalent to (3.17). The theorem is
proved.

3.4 Time periodic Stokes problem with nonzero
fluxes

In this section we study the problem (3.1) in the case of nonzero periodic
fluxesFj(t), j = 1, 2, . . . , J . First we construct the divergence free vector func-
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3.4. Time periodic Stokes problem with nonzero fluxes 51

tion V(x, t) satisfying the boundary condition(3.13) and the flux condition(3.14)
(a flux carrier) and then reduce the problem (3.1) to the problem (3.2). According
to Theorem 2.2 ( see also papers [8], [19]), in each cylinderΠj there exists the
time periodic Poiseuille flow

(
U(j)(x(j)), P (j)(x(j), t)

)
, i. e. the exact solution of

the time periodic Stokes (and Navier–Stokes) problem in the cylinderΠj , having
the form

U(j)(x(j), t) =
(
0, ..., 0, U (j)

n (x(j)′, t)
)
, P (j)(x(j), t) = −q(j)(t)x(j)

n , (3.34)

and satisfying the flux condition
∫

σj

U (j)
n (x(j)′, t)dx(j)′ = Fj(t).

The pair of functions
(
U

(j)
n (x(j)′, t), q(j)(t)

)
is the solution of the parabolic in-

verse problem




U
(j)
nt (x(j)′, t)− ν∆′U (j)

n (x(j)′, t) = q(j)(t),

U (j)
n (x(j)′, t)

∣∣
∂σj

= 0,

U (j)
n (x(j)′, 0) = U

(j)
nt (x(j)′, 2π),

∫

σj

U (j)
n (x(j)′, t)dx(j)′ = Fj(t),

(3.35)

where∆′ is the Laplace operator with respect to variablesx(j)′. It is proved in [8],
[19] that for any periodicFj(t) ∈ W 1

2 (0, 2π) the problem (3.35) admits a unique

time periodic solution
(
U

(j)
n (x(j)′, t), q(j)(t)

) ∈ W 2,1
2 (σj × (0, 2π))×L2(0, 2π).

Moreover, there holds the estimate

‖U (j)
n ; W 2,1

2 (σj×(0, 2π))‖2 +‖q(j);L2(0, 2π)‖2 ≤ c‖Fj ; W 1
2 (0, 2π)‖2. (3.36)
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52 3. TIME PERIODIC STOKES PROBLEM

Define

U(x, t) =
J∑

j=1

ζ(x(j)
n )U(j)(x(j)′, t), P (x, t) =

J∑

j=1

ζ(x(j)
n )P (j)(x(j)′, t),

(3.37)

whereζ(τ) is smooth cut-off function withζ(τ) = 0 for τ ≤ 1 andζ(τ) = 1 for
τ ≥ 2. Let

g(x, t) = −divU(x, t) = −
J∑

j=1

dζ(x(j)
n )

dx
(j)
n

U (j)
n (x(j)′, t).

Then
suppxg(x, t) ⊂ Ω(2)\Ω(1)

and, therefore,g(·, t) ∈ W̊ 1
2 (Ω(3)). Moreover, from condition

J∑
j=1

Fj(t) = 0 it

follows that

∫

Ω(2)

g(x, t)dx = −
∫

Ω(2)

divU(x, t)dx = −
J∑

j=1

∫

σj

U (j)
n (x(j)′, t)dx(j)′

= −
J∑

j=1

Fj(t) = 0, ∀t ∈ [0, T ].

Therefore, by lemma 1.8 there exists a time periodic vector functionW(·, t) ∈
W̊ 2

2 (Ω(3)) with Wt(·, t) ∈ W̊ 1
2 (Ω(3)) such that

divW(x, t) = g(x, t), divWt(x, t) = gt(x, t),

and there holds the estimate

2π∫

0

‖W(·, t);W 2
2 (Ω(3))‖2dt +

2π∫

0

‖Wt(·, t);W 1
2 (Ω(3))‖2dt

≤ c
( 2π∫

0

‖g(·, t);W 1
2 (Ω(3))‖2dt +

2π∫

0

‖gt(·, t);L2(Ω(3))‖2dt
)
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3.4. Time periodic Stokes problem with nonzero fluxes 53

≤ c
J∑

j=1

‖Fj ; W 1
2 (0, 2π)‖2. (3.38)

Define
V(x, t) = U(x, t) + W(x, t). (3.39)

Obviously,

divV(x, t) = 0, V(x, t)
∣∣
∂Ω

= 0,

∫

σj

V(x, t) · n(x)ds = Fj(t), j = 1, ..., J,

and forx ∈ Ωj\Ωj3, j = 1, ..., J, the vector functionV(x, t) coincides with the
velocity partU(j)(x(j)′, t) of the corresponding time periodic Poiseuille flow.

Now we are in a position to prove the main result of the chapter.

Theorem 3.3. Let ∂Ω ∈ C2. Suppose thatFj(t) ∈ W 1
2 (0, 2π), j = 1, 2, . . . , J,

and f(x, t) ∈ L2,β(Ω × (0, 2π)) are time periodic functions. If the numberγ∗
in the inequality(1.33) is sufficiently small, then problem(3.1) has a unique time
periodic solution

(
u(x, t), p(x, t)

)
admitting the asymptotic representation

u(x, t) = V(x, t) + v(x, t), p(x, t) = P (x, t) + p̃(x, t), (3.40)

whereV(x, t) is the flux carrier defined by(3.39) andP (x, t) is the corresponding
pressure function defined by(3.37), v(x, t) ∈ W2,1

2,β(Ω × (0, 2π)), ∇p̃(x, t) ∈
L2,β(Ω× (0, 2π)). There holds the estimate

‖v;W2,1
2,β(Ω× (0, 2π))‖+ ‖∇p̃;L2,β(Ω× (0, 2π))‖

≤ c
(
‖f ;L2,β(Ω× (0, 2π))‖+

J∑

j=1

‖Fj ;W 1
2 (0, 2π)‖

)
. (3.41)

Proof. We look for the solution
(
u(x, t), p(x, t)

)
of problem (3.1) in the form

(3.40). Then for
(
v(x, t), p̃(x, t)

)
we get the problem (3.2), i. e. the time periodic

Stokes problem with zero fluxes and the new external forcef̃(x, t) = f(x, t) +
f(1)(x, t) + f(2)(x, t), where

f(1)(x, t) = −Ut(x, t) + ν∆U(x, t)−∇P (x, t),

f(2)(x, t) = −Wt(x, t) + ν∆W(x, t).
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54 3. TIME PERIODIC STOKES PROBLEM

Since forx ∈ Ωj\Ωj3 the pair
(
V(x, t), P (x, t)

)
coincides with the time periodic

Poiseuille solution
(
U(j)(x(j)′, t), P (j)(x, t)

)
, j = 1, ..., J , which is the exact

solutions of Stokes system in a cylinderΠj , we conclude that

suppx(f(1)(x, t) + f(2)(x, t)) ⊂ Ω(3).

From the construction of(U(x, t), P (x, t)) andW(x, t) (see (3.37), (3.39)) and
from estimates (3.36), (3.38) it follows that

‖f(1) + f(2);L2,β(Ω× (0, 2π))‖ ≤ c‖f(1) + f(2); L2(Ω× (0, 2π))‖

≤ c
J∑

j=1

‖Fj ; W 1
2 (0, 2π)‖.

Therefore, by Theorems 3.1 and 3.2, there exists a unique solution(v(x, t), p̃(x, t))
of the problem (3.2) with the right–hand sidef̃(x, t). Moreover, there holds the
estimate:

‖v;W2,1
2,β(Ω× (0, 2π))‖+ ‖∇p̃;L2,β(Ω× (0, 2π))‖ ≤ ‖f̃ ;L2,β(Ω× (0, 2π))‖

≤ c
( J∑

j=1

‖Fj ; W 1
2 (0, 2π)‖+ ‖f ;L2,β(Ω× (0, 2π))‖

)
.

The theorem is proved.
The results obtained in this chapter is presented in [A2].
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Two-dimensional time periodic

Navier-Stokes problem

4.1 Formulation of the problem

In this chapter we consider time periodic Navier-Stokes problem





ut(x, t)− ν∆u(x, t) + (u(x, t) · ∇)u(x, t) +∇p(x, t) = f(x, t),

divu(x, t) = 0,

u(x, t)|∂Ω = 0,

u(x, 0) = u(x, 2π),

∫

σj

u(x, t) · n(x)ds = Fj(t), j = 1, ..., J.

(4.1)

in two-dimensional domainΩ with strip-like outlets to infinity. Assume that the

55
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56 4. TWO-DIMENSIONAL TIME PERIODIC NAVIER-STOKES PROBLEM

external forcef(x, t) admits the representation

f(x, t) =
J∑

j=1

ζ(x(j)
2 )(0, f

(j)
2 (x(j)

1 , t)) + f̂(x), (4.2)

wheref
(j)
2 ∈ L2(σj × (0, 2π)) , f̂ ∈ L2,β(Ω× (0, 2π)). ζ(τ) is a smooth cut-off

function withζ(τ) = 0, for τ ≤ 1 andζ(τ) = 1, for τ ≥ 2.
According to theorem 2.2 in each cylinderΠj there exists the time periodic

Poiseuille flow(U(j)(x(j)′ , t), P (j)(x(j), t)) having the form

U(j)(x(j)
1 , t) = (0, U (j)

2 (x(j)
1 , t)), P (j)(x(j)

1 , t) = −q(j)(t)x(j)
2 + p0(t)

and satisfying the estimates

‖U (j)
2 ;W 2,1

2 (σ × (0, 2π))‖2 + ‖q(j)(t);L2(0, 2π)‖2

≤ c

(
‖f (j)

2 ; L2(σj × 0, 2π)‖2 + ‖Fj ;W 1
2 (0, 2π)‖2

)
. (4.3)

Set

U(x, t) =
J∑

j=1

ζ(x(j)
2 )U(j)(x(j)

1 , t), P (x, t) =
J∑

j=1

ζ(x(j)
2 )P (j)(x(j)

1 , t). (4.4)

Let g(x, t) = −divU(x, t). Then suppxg(x, t) ⊂ Ω(3). From the condition
J∑

j=1
Fj(t) = 0 we get that

∫

Ω(3)

g(x, t)dx = 0, ∀t ∈ [0, 2π].

Moreover, in virtue of Teorem 2.2

2π∫

0

‖g(·, t);W 1
2 (Ω(3))‖2dt +

2π∫

0

‖gt(·, t);L2(Ω(3))‖2dt

≤ c

J∑

j=1

( 2π∫

0

‖U (j)
2 (·, t);W 2

2 (σj)‖2dt +

2π∫

0

‖U (j)
2t (·, t);L2(σj)‖2dt

)
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≤ c
J∑

j=1

(
‖f (j)

2 ; L2(σj × (0, 2π))‖2 + ‖Fj ; W 1
2 (0, 2π)‖2

)
.

Henceg(·, t) ∈ W̊ 1
2 (Ω(3)) and in virtue of lemma 1.8 there exists a vector-field

W(·, t) ∈ W̊ 2
2 (Ω(3)) with Wt(·, t) ∈ W̊ 1

2 (Ω(3)) such that

divW(x, t) = g(x, t), divWt(x, t) = gt(x, t),

and there holds the estimate

2π∫

0

‖W(·, t);W 2
2 (Ω(3))‖2dt +

2π∫

0

‖Wt(·, t);W 1
2 (Ω(3))‖2dt

≤
( 2π∫

0

‖g(·, t);W 1
2 (Ω(3))‖2dt +

2π∫

0

‖gt(·, t);L2(Ω(3))‖2dt

)

≤ c
J∑

j=1

(
‖f (j)

2 ; L2(σj × (0, 2π))‖2 + ‖Fj ; W 1
2 (0, 2π)‖2

)
. (4.5)

Define
V(x, t) = U(x, t) + W(x, t). (4.6)

Then forx ∈ Ωj\Ωj3, j = 1, ..., J, the vector-fieldV(x, t) coincides with the ve-
locity partU(j)(x(j)′ , t) of the corresponding time-periodic Poiseuille flow. More-
over,

divV(x, t) = 0, V(x, t)|∂Ω = 0,

∫

σj

V(x, t) · n(x)ds = Fj(t), j = 1, ..., J.

We look for the solution of problem (4.1) in the form

u(x, t) = V(x, t) + v(x, t), p(x, t) = P (x, t) + p̃(x, t). (4.7)
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58 4. TWO-DIMENSIONAL TIME PERIODIC NAVIER-STOKES PROBLEM

Then for(v(x, t), p̃(x, t)) we derive the equation




vt(x, t)− ν∆v(x, t) + (v(x, t) · ∇)v(x, t) + (V(x, t) · ∇)v(x, t)

+(v(x, t) · ∇)V(x, t) +∇p̃(x, t) = f̃(x, t),

divv = 0,

v(x, t)|∂Ω = 0,

v(x, 0) = v(x, 2π),

∫

σj

v(x, t) · n(x)ds = 0, j = 1, ..., J.

(4.8)

Wheref̃(x, t) = f̂(x, t) + f(1)(x, t) + f(2)(x, t),

f(1)(x, t) =
J∑

j=1

(
ν

d2

dx
(j)
2

2 ζ(x(j)
2 )(0, U (j)

2 (x(j)
1 , t))−

ζ(x(j)
2 )

d

dx
(j)
2

ζ(x(j)
2 )(0, |U (j)

2 (x(j)
1 , t)|2)− d

dx
(j)
2

ζ(x(j)
2 )x(j)

2 (0, q(j)(t))
)
,

f(2)(x, t) = −Wt(x, t) + ν∆W(x, t)− (W(x, t) · ∇)W(x, t)

−(U(x, t) · ∇)W(x, t)− (W(x, t) · ∇)U(x, t).

Note thatsuppx[f(1)(x, t) + f(2)(x, t)] ⊂ Ω̄(3).

Moreover, using Sobolev embedding theorem on the one-dimensional interval
(0, hj), from (4.3) we obtain the estimate

2π∫

0

∫

Ω

|f(1)(x, t)|2dxdτ

≤ c
J∑

j=1

2π∫

0

∫

Ωj

(|U (j)
2 (x(j)

1 , τ)|2 + |U (j)
2 (x(j)

1 , τ)|4 + |q(j)(τ)|2)dxdτ
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≤ c

J∑

j=1

2π∫

0

hj∫

0

(‖U (j)
2 (·, τ);L2(σj)‖2 + ‖U (j)

2 (·, τ);W 1
2 (σj)‖4)dτ

+c

2π∫

0

|q(j)(τ)|2dτ ≤ cA1(1 + A1), (4.9)

where

A1 =
J∑

j=1

(‖f (j)
2 ;L2(σj × (0, 2π))‖2 + ‖Fj ;W 1

2 (0, 2π)‖2). (4.10)

Analogously, using again Sobolev embedding theorem in the domainΩ(3) and
(4.3) we derive

2π∫

0

∫

Ω

|f(2)(x, τ)|2dxdτ ≤ c

2π∫

0

∫

Ω(3)

(
|Wτ (x, τ)|2 + |∆W(x, τ)|2

+(|W(x, τ)|2 + U(x, τ)|2)|∇W(x, τ)|2 + |W(x, τ)|2|∇U(x, τ)|2
)
dxdτ

≤ cA1 + c

2π∫

0

(
sup

x∈Ω̄(3)

(|W(x, τ)|2 + |U(x, τ)|2)×

∫

Ω(3)

(|∇W(x, τ)|2 + |∇U(x, τ)|2)dx
)
dτ

≤ cA1 + c

[
sup

t∈[0,2π]
‖W(·, t);W 1

2 (Ω(3))‖2 +
J∑

j=1

‖U (j)
2 (·, t);W 1

2 (σj)‖2

]

×
2π∫

0

(
‖W(·, τ);W 2

2 (Ω(3))‖2 +
J∑

j=1

‖U (j)
2 (·, τ);W 1

2 (σj)‖2
)
dτ

≤ cA1 + c
(
‖W; W 2,1

2 (Ω(3) × (0, 2π))‖2 +
J∑

j=1

‖U (j)
2 ;W 2,1

2 (σ × (0, 2π))‖2
)

≤ cA1(1 + A1). (4.11)
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Define,

A2 =

2π∫

0

∫

Ω

|̂f(x, t)|2dxdt. (4.12)

Then
2π∫

0

∫

Ω

|̃f(x, t)|2dxdt ≤ c(A1 + A2
1) + A2. (4.13)

4.2 A priori estimates of the solution

Lemma 4.1.Let f̂ ∈ L2(Ω×(0, 2π)), and letv ∈ W 2,1
2 (Ω×(0, 2π)) be a solution

of problem (4.8). If

a ≡ ν

c0
− A1

ν
> 0, (4.14)

(the constantc0 is from Poincarè inequality) then there holds the estimate:

∫

Ω

|v(x, t)|2dx + ν

t∫

0

∫

Ω

|∇v(x, τ)|2dxdτ

≤ c

(
(

e−at

1− e−at
A1 + 1)(A1 + A2

1 + A2)

)
:= cB1, ∀t ∈ [0, 2π], (4.15)

where the constantA1 is defined by (4.10) andA2 is defined by (4.12). The con-
stantc in (4.15) does not depend ont ∈ (0, 2π].
Proof. Multiply (4.8) byv(x, t) and integrate by parts inΩ:

1
2

d

dt

∫

Ω

|v(x, t)|2dx + ν

∫

Ω

|∇v(x, t)|2dx

= −
∫

Ω

(v(x, t) · ∇)V(x, t) · v(x, t)dx +
∫

Ω

f̃(x, t) · v(x, t)dx (4.16)

Let us estimate the first integral on the right - hand side of (4.16). We have

∣∣∣∣∣∣

∫

Ω

(v(x, t) · ∇)V(x, t) · v(x, t)

∣∣∣∣∣∣
≤

∣∣∣∣∣∣∣

∫

Ω(3)

(v(x, t) · ∇)W(x, t) · v(x, t)

∣∣∣∣∣∣∣
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+
J∑

j=1

∣∣∣∣∣∣∣

∫

Ωj

(v(x, t) · ∇)U(x, t) · v(x, t)

∣∣∣∣∣∣∣
= J1(t) + J2(t). (4.17)

Using (1.17), Poincaré, Hölder, Young inequalities and multiplicative (1.9)
inequalite the first integral at the right-hand side of (4.17) is estimated as follows

|J1(t)| ≤




∫

Ω(3)

|v(x, t)|4dx




1/2 


∫

Ω(3)

|∇W(x, t)|2dx




1/2

≤ 2




∫

Ω(3)

|v(x, t)|2



1/2 


∫

Ω(3)

|∇v(x, t)|2dx




1/2 


∫

Ω(3)

|∇W(x, t)|2dx




1/2

≤ 6m1(t)
ν

∫

Ω

|v(x, t)|2dx +
ν

6

∫

Ω

|∇v(x, t)|2dx,

where

m1(t) =
∫

Ω(3)

|∇W(x, t)|2dx.

Analogously, the second term at the right-hand side of (4.17) admits the esti-
mate

|J2(t)| =
J∑

j=1

∣∣∣∣∣∣∣

∫

Ωj

(v(x, t) · ∇)U(x, t) · v(x, t)

∣∣∣∣∣∣∣

≤
J∑

j=1

∞∑

s=0

∣∣∣∣∣∣∣

∫

ωjs

(v(x, t) · ∇)ζ(x(j)
2 )U(j)(x(j)

1 , t)) · v(x, t)dx

∣∣∣∣∣∣∣

≤ 2
J∑

j=1

∞∑

s=0




∫

ωjs

|v(x, t)|2dx




1/2 


∫

ωjs

|∇v(x, t)|2dx




1/2

×




∫

ωjs

(|U(j)(x(j)
1 , t)|2 + |∇′U(j)(x(j)

1 , t)|2)dx




1/2
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≤ c
J∑

j=1

∞∑

s=0




∫

σj

|∇′U(j)(x(j)
1 , t)|2dx

(j)
1







∫

ωjs

|v(x, t)|2dx




+
ν

6

J∑

j=1

∞∑

s=0

∫

ωjs

|∇v(x, t)|2dx ≤ 6m2(t)
ν

∫

Ω

|v(x, t)|2dx +
ν

6

∫

Ω

|∇v(x, t)|2dx,

where

m2(t) = c
J∑

j=1

∫

σj

|∇′U(j)(x(j)
1 , t)|2dx

(j)
1 .

Therefore, from (4.16) it follows that

d

dt

∫

Ω

|v(x, t)|2dx + ν

∫

Ω

|∇v(x, t)|2dx

≤ M(t)
ν

∫

Ω

|v(x, t)|2dx + c

∫

Ω

|̃f(x, t)|2dx (4.18)

with sup
t∈[0,T ]

M(t) = 12
(
m1(t) + m2(t)

)
. Using (4.3) and (4.5) estimates we can

conclude thatM(t) ≤ A1,∀t ∈ [0, 2π]. Now, if
ν

c0
− A3

ν
= a > 0 then from

(4.18) follows that

d

dt

∫

Ω

|v(x, t)|2dx + a

∫

Ω

|v(x, t)|2dx ≤ c

∫

Ω

|̃f(x, t)|2dx. (4.19)

Multiplying (4.19) inequality byeat and integrating overt we derive
∫

Ω

|v(x, t)|2dx

≤ e−at

[∫

Ω

|v(x, 0)|2dx + c

t∫

0

∫

Ω

|eatf̃(x, τ)|2dxdτ

]
. (4.20)
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Now using periodicity conditionv(x, 0) = v(x, 2π) from (4.20) follows that
∫

Ω

|v(x, 0)|2dx

≤ e−2πa

[ ∫

Ω

|v(x, 0)|2dx

]
+ c

2π∫

0

∫

Ω

|̃f(x, τ)|2dxdτ.

So from the last inequality we can conclude that

∫

Ω

|v(x, 0)|2dx ≤ c

1− e−2πa

2π∫

0

∫

Ω

|̃f(x, t)|2dxdt. (4.21)

Hence from (4.20) and (4.21) follows that

∫

Ω

|v(x, t)|2dx ≤ c

1− e−2πa

2π∫

0

∫

Ω

|̃f(x, t)|2dxdt. (4.22)

Substituting (4.22) into (4.18) and integrating with respect tot we derive

sup
t∈[0,2π]

∫

Ω

|v(x, t)|2dx + ν

t∫

0

∫

Ω

|∇v(x, t)|2dxdτ

≤ c

1− e−2πa
M(t)

2π∫

0

∫

Ω

|̃f(x, t)|2dxdt + c

t∫

0

∫

Ω

|̃f(x, t)|2dxdt

≤ c

(
1

1− e−2πa
M(t) + 1

) 2π∫

0

∫

Ω

|̃f(x, t)|2dxdt

≤ c

(
(c

e2πa

e2πa − 1
A3 + 1)(A1 + A2

1 + A2)

)
:= cB1.

The lemma is proved.
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4.3 Estimates of nonlinear terms

Consider problem (4.8) as the linear time dependent Stokes problem:





vt(x, t)− ν∆v(x, t) +∇p(x, t) = g(x, t,v(x, t)),

divv(x, t) = 0,

v(x, t)|∂Ω = 0,

v(x, 0) = v(x, 2π),

∫

σj

v(x, t) · n(x)ds = 0, j = 1, ..., J,

(4.23)

with the right-hand side

g(x, t,v(x, t)) = f̃(x, t)− (v(x, t) · ∇)v(x, t)

−(V(x, t) · ∇)v(x, t)− (v(x, t) · ∇)V(x, t).

Let us estimate
t∫
0

‖E(k)
β g(·, τ,v(·, τ));L2(Ω)‖2dτ , whereE(k)

β (x) is a step weight-

function (1.5). Estimates of this section analogous to those of papers [66], where
the case of usual initial boundary value problem is studied. We have

t∫

0

‖E(k)
β g(·, τ,v(·, τ));L2(Ω)‖2dτ ≤ c

( t∫

0

‖E(k)
β f̃(·, τ);L2(Ω)‖2dτ

+

t∫

0

‖E(k)
β (v(·, τ) · ∇)v(·, τ);L2(Ω)‖2dτ

+

t∫

0

‖E(k)
β (V(·, τ) · ∇)v(·, τ);L2(Ω)‖2dτ
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+

t∫

0

‖E(k)
β (v(·, τ) · ∇)V(·, τ);L2(Ω)‖2dτ

)

= c

( t∫

0

‖E(k)
β f̃(·, τ);L2(Ω)‖2dτ + I1(t) + I2(t) + I3(t)

)
.

Lemma 4.2. Let v(x, t) ∈ W 2,1
2 (Ω × (0, 2π)). Then(v(x, t) · ∇)v(x, t) ∈

L2(Ω× (0, 2π)) and

t∫

0

‖E(k)
β (v(·, τ) · ∇)v(·, τ);L2(Ω)‖2dτ ≤ ε

t∫

0

‖E(k)
β v(·, τ);W 2

2 (Ω)‖2dτ

+cεB1

t∫

0

‖E(k)
β ∇v(·, τ);L2(Ω)‖4dτ, ∀t ∈ [0, 2π], (4.24)

whereB1 is defined in (4.15) and the constant c is independent oft ∈ [0, 2π] and
k.

Lemma 4.3. Let v(x, t) ∈ W 2,1
2 (Ω × (0, 2π)). Then(V(x, t) · ∇)v(x, t) ∈

L2(Ω× (0, 2π)), (v(x, t) · ∇)V(x, t) ∈ L2(Ω× (0, 2π)) and

t∫

0

‖E(k)
β (V(·, τ) · ∇)v(·, τ);L2(Ω)‖2dτ

+

t∫

0

‖E(k)
β (v(·, τ) · ∇)V(·, τ);L2(Ω)‖2dτ

≤ cε

t∫

0

‖E(k)
β v(·, τ);W 2

2 (Ω)‖2dτ

+cεA1

t∫

0

Y (τ)‖E(k)
β ∇v(·, τ);L2(Ω)‖2dτ, ∀t ∈ [0, 2π], (4.25)
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whereA1 is defined by (4.10),

Y (t) =
J∑

j=1

‖U(j)(·, t);W 2
2 (σj)‖2 + ‖W(·, t);W 2

2 (Ω(3))‖2,

and the constantc is independent oft ∈ [0, 2π] andk.

Lemmas 4.2 and 4.3 are proved in [66].

4.4 Weighted estimates of the solution

Lemma 4.4. Let f̃(x, t) ∈ L2(Ω × (0, 2π)), t ∈ [0, 2π], and let v(x, t) ∈
W 2,1

2 (Ω× (0, 2π)) be a solution of (4.8). If the numberγ∗ in the inequality(1.33)
for the weight-functionEβ(x) is sufficiently small and the condition (4.14) is sat-
isfied, then there holds the estimate

t∫

0

(‖E(k)
β vτ (·, τ);L2(Ω)‖2 + ‖E(k)

β v(·, τ);W 2
2 (Ω)‖2)dτ

+

t∫

0

‖E(k)
β ∇p̃(·, τ);L2(Ω)‖2dτ ≤ cB

(k)
2 , ∀t ∈ [0, 2π], (4.26)

where
B

(k)
2 = (A(k)

5 + A1 + A2
1)(1 + e(B1+A1)2(A1 + B1)2), (4.27)

A
(k)
5 =

2π∫

0

‖E(k)
β f̂(·, t);L2(Ω)‖2dt.

The constantc in (4.26) does not depend ont ∈ [0, 2π] andk.

Proof. Consider the solutionv(x, t) of problem (4.8) as a solution of the linear
problem (4.23). Then there holds the estimate (see (3.17))

t∫

0

(‖E(k)
β vτ (·, τ);L2(Ω)‖2 + ‖E(k)

β v(·, τ);W 2
2 (Ω)‖2)dτ
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+

t∫

0

‖E(k)
β ∇p̃(·, τ);L2(Ω)‖2dτ

≤ c

t∫

0

‖E(k)
β g(·, τ ;v(·, τ));L2(Ω)‖2dτ (4.28)

with the constantc independent ofk. According to Lemma 1.1,Eβv(·, t) ∈
W 1

2 (Ω) and

‖E(k)
β v(·, t);W 1

2 (Ω)‖2

≤ c

t∫

0

(‖E(k)
β vτ (·, τ);L2(Ω)‖2 + ‖E(k)

β v(·, τ);W 2
2 (Ω)‖2)dτ. (4.29)

The constant in the (4.29) is independent oft and k. Relations (4.28), (4.29)
together with inequalities (4.24), (4.25) yield

∫

Ω

E
(k)
β (x)|∇v(x, t)|2dx+

t∫

0

(‖E(k)
β vτ (·, τ);L2(Ω)‖2+‖E(k)

β v(·, τ);W 2
2 (Ω)‖2)dτ

+

t∫

0

‖E(k)
β ∇p̃(·, τ);L2(Ω)‖2dτ

≤ c

t∫

0

∫

Ω

E
(k)
β (x)|̃f(x, τ)|2dxdτ + c∗ε

t∫

0

‖E(k)
β v(·, τ);W 2

2 (Ω)‖2dτ

+cεB1

t∫

0

‖∇v(·, τ);L2(Ω)‖‖E(k)
β ∇v(·, τ);L2(Ω)‖2dτ

+cεA1

t∫

0

Y (τ)‖E(k)
β ∇v(·, τ);L2(Ω)‖2dτ.

Fixing ε = 1/2c∗, from the last inequality we find

∫

Ω

E
(k)
β (x)|∇v(x, t)|2dx+

t∫

0

(‖E(k)
β v(·, τ);L2(Ω)‖2+‖E(k)

β v(·, τ);W 2
2 (Ω)‖2)dτ
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+

t∫

0

‖E(k)
β ∇p̃(·, τ);L2(Ω)‖2dτ ≤ c

t∫

0

∫

Ω

E
(k)
β (x)|̃f(x, τ)|2dxdτ

+c(A1+B1)

t∫

0

(‖∇v(·, τ);L2(Ω)‖2+Y (τ))‖E(k)
β ∇v(·, τ);L2(Ω)‖2dτ. (4.30)

Omitting the second and the third terms on the left-hand side of (4.30), we also
have ∫

Ω

E
(k)
β (x)|∇v(x, t)|2dx ≤ c

t∫

0

∫

Ω

E
(k)
β (x)|̃f(x, τ)|2dxdτ

+c(A1+B1)

t∫

0

(‖∇v(·, τ);L2(Ω)‖2+Y (τ))‖E(k)
β ∇v(·, τ);L2(Ω)‖2dτ. (4.31)

Denote

‖∇v(·, t);L2(Ω)‖2 + Y (t) = Z(t),

t∫

0

‖E(k)
β ∇v(·, τ);L2(Ω)‖2Z(τ)dτ = X(t).

Multiplying both sides of relation (4.31) byZ(t), we receive the inequality

d

dt
X(t) ≤ c1(A1 + B1)Z(t)X(t) + c2Z(t)Φ(t),

where

Φ(t) =

t∫

0

∫

Ω

E
(k)
β (x)|̃f(x, τ)|2dxdτ.

Therefore,

d

dt

(
X(t)e

−c1(A1+B1)
tR
0

Z(τ)dτ)
≤ c2e

−c1(A1+B1)
tR
0

Z(τ)dτ
Z(t)Φ(t). (4.32)

Integrate (4.32) overt:

X(t) ≤ c2e
c1(A1+B1)

tR
0

Z(τ)dτ
t∫

0

e
−c1(A1+B1)

τR
0

Z(s)ds
Z(τ)Φ(τ)dτ
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≤ c2e
c1(A1+B1)

tR
0

Z(τ)dτ
t∫

0

Z(τ)Φ(τ)dτ. (4.33)

By the definition ofZ(t) and using inequalities (4.3), (4.9), (4.11), (4.15) we get

t∫

0

Z(τ)dτ =

t∫

0

‖∇v(·, τ);L2(Ω)‖2 +
J∑

j=1

t∫

0

‖U(j)(·, τ);W 2
2 (σj)‖2dτ

+

t∫

0

‖W(·, τ);W 2
2 (Ω(3))‖2dτ ≤ c(A1 + B1), (4.34)

t∫

0

Z(τ)Φ(τ)dτ ≤
t∫

0

‖E(k)
β f̃(·, τ);L2(Ω)‖2dτ

t∫

0

Z(τ)dτ

≤ c(A1 + B1)(A
(k)
5 + A1 + A2

1), (4.35)

where
2π∫
0

‖E(k)
β f̂(·, τ);L2(Ω)‖2dτ = A

(k)
3 . From (4.33)–(4.35) follows the esti-

mate
X(t) ≤ cec(A1+B1)2(A1 + B1)(A

(k)
5 + A1 + A2

1)

and, therefore, (4.30) furnishes

t∫

0

(
‖E(k)

β vτ (·, τ);L2(Ω)‖2 + ‖E(k)
β v(·, τ);W 2

2 (Ω)‖2
)
dτ

+

t∫

0

‖E(k)
β ∇p̃(·, τ);L2(Ω)‖2dτ

≤ c(A(k)
5 + A1 + A2

1)(1 + e(B1+A1)2(A1 + B1)2) ≡ B
(k)
2 .

The lemma is proved.

Remark 4.1. Takingβj = 0, j = 1, ..., J , from (4.26) we get the inequality

t∫

0

(‖vτ (·, τ);L2(Ω)‖2 + ‖v(·, τ);W 2
2 (Ω)‖2)dτ
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+

t∫

0

‖∇p̃(·, τ);L2(Ω)‖2dτ ≤ cB2, ∀t ∈ [0, 2π], (4.36)

whereB2 = B
(0)
2 .

Remark 4.2.Considerations of this section are similar to those of the paper [66].

4.5 Solvability of problem (4.8)

Let Ω(l) be a bounded domain with the boundary∂Ω(l) ∈ C2 such that
Ω(l+1) ⊂ Ω(l) ⊂ Ω(l+2). Consider inΩ(l) the following problem





v(l)
t (x, t)− ν∆v(l)(x, t) + (v(l)(x, t) · ∇)v(l)(x, t)

+(V(x, t) · ∇)v(l)(x, t) + (v(l)(x, t) · ∇)V(x, t)

+∇p̃(l)(x, t) = f̃(x, t),

divv(l)(x, t) = 0,

v(l)(x, t)|∂Ω = 0,

v(l)(x, 0) = v(l)(x, 2π).

(4.37)

Assuming that̃f(x, t) is fixed, we can reduce problem (4.8) to an operator
equation in the spaceW 2,1

2 (Ω(l) × (0, 2π)):

v(l)(x, t) = S−1Nv(l)(x, t) = Bv(l)(x, t), (4.38)

whereS−1 : g(x, t) ∈ L2(Ω(l) × (0, 2π)) → v(l)(x, t) ∈ W 2,1
2 (Ω(l) × (0, 2π)) is
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the bounded inverse operator of the linear time periodic Stokes problem





v(l)
t (x, t)− ν∆v(l)(x, t) +∇p̃(l)(x, t) = g(x, t),

divv(l)(x, t) = 0,

v(l)(x, t)|∂Ω = 0,

v(l)(x, 0) = v(l)(x, 2π),

(4.39)

and
Nv(l)(x, t) = f̃(x, t)− (v(l)(x, t) · ∇)v(l)(x, t)−
−(V(x, t) · ∇)v(l)(x, t)− (v(l)(x, t) · ∇)V(x, t). (4.40)

Lemma 4.5.For any bounded domainΩ(l) the operatorN : W 2,1
2 (Ω(l)×(0, 2π)) →

L2(Ω(l) × (0, 2π)) is compact.

The proof of this lemma could be found in [66].

Theorem 4.1.For any f̃ ∈ L2(Ω(l) × (0, 2π)), problem (4.37) admits at least one
solution(v(l)(x, t), p(l)(x, t)) satisfying the estimate

‖v(l);W 2,1
2 (Ω(l) × (0, 2π))‖2 + ‖∇p; L2(Ω(l) × (0, 2π))‖2 ≤ cB2. (4.41)

The numberB2 is defined in (4.36) and the constant c in (4.41) is independent
of l.

Proof. The solvability of problem (4.37) is equivalent to the solvability of operator
equation (4.38). Since the operatorS−1 is bounded and the operatorN is compact,
we conclude thatB is compact and, according to Leray–Schauder theorem, (4.38)
has at least one solution, if the norms‖v(l,λ); W 2,1

2 (Ω(l)× (0, 2π))‖ of all possible
solutions to the equation

v(l,λ)(x, t) = λBv(l,λ)(x, t), λ ∈ [0, 1], (4.42)

are bounded by the same constant independent ofλ. Now repeating all consid-
erations of Section4.4, we find that for any solutionsv(l,λ)(x, t) ∈ W 2,1

2 (Ω(l) ×
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(0, 2π)) of the problem




v(l,λ)
t (x, t)− ν∆v(l,λ)(x, t) + λ(v(l,λ)(x, t) · ∇)v(l,λ)(x, t)+

λ(V(x, t) · ∇)v(l,λ)(x, t) + λ(v(l,λ)(x, t) · ∇)V(x, t) +∇p̃(x, t) = λf̃(x, t),

divv(l,λ)(x, t) = 0,

v(l,λ)(x, t)|∂Ω = 0,

v(l,λ)(x, 0) = v(l,λ)(x, 2π),

which is equivalent to operator equation (4.42), holds the estimate

‖v(l,λ);W 2,1
2 (Ω(l) × (0, 2π))‖2 + ‖∇p(l,λ);L2(Ω(l) × (0, 2π))‖2 ≤ cB2,

(for the definition ofB2 see remark (2.1)). It is easy also to verify that the constant
in this estimate does not depend onλ. Thus, by Leray-Schauder theorem, operator
equation (4.38) admits at least one solution(v(l)(x, t), p(l)(x, t)) and there holds
estimate (4.41). The theorem is proved.

Theorem 4.2.Let∂Ω ∈ C2, Fj(t) ∈ W 1
2 (0, 2π), and let the external forcef(x, t)

are represent in the form (4.2) with

f
(j)
2 (x, t) ∈ L2(σj × (0, 2π)), f̂(x, t) ∈ L2,β(Ω× (0, 2π)), j = 1, ..., J.

Let the numberγ∗ in (1.33) is sufficiently small and let there the condition
(4.14) holds. Then problem (4.8) admits at least one solution(v(x, t) ∈ W2,1

2,β(Ω×
(0, 2π)),∇p̃(x, t) ∈ L2,β(Ω× (0, 2π))). There holds the estimate

‖v;W2,1
2,β(Ω× (0, 2π))‖2 + ‖∇p̃;L2,β(Ω× (0, 2π))‖2 ≤ cB3, (4.43)

whereB3 = limk→∞B
(k)
2 .

Proof. Let us consider the solutionsv(x, t) ∈ W 2,1
2 (Ω(l) × (0, 2π)) of problem

(4.37) in bounded domainsΩ(l). By Lemma 1.1, for almostt ∈ [0, 2π] holds the
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inclusionsv(l)(·, t) ∈ W 1
2 (Ω(l)) and

sup
t∈[0,2π]

‖v(l)(·, t);W 1
2 (Ω(l))‖2 ≤ c‖v(l);W 2,1

2 (Ω(l) × (0, 2π))‖2. (4.44)

The constant in the last inequality is independent ofl. The functionsv(l)(x, t) can
be considered as elements of spaceW̊ 1,1

2 (Ω(l)× (0, 2π)). Extending them by zero
to the whole domainΩ, we get a sequence{v(l)(x, t)} ⊂ W 1,1

2 (Ω× (0, 2π)) such
that{v(l)(·, t)} ⊂ W̊ 1,1

2 (Ω) for all t ∈ [0, 2π]. In virtue of (4.44), (4.41),

sup
t∈[0,2π]

‖v(l)(·, t);W 1
2 (Ω)‖2 + ‖v(l)(·, t);W 1,1

2 (Ω× (0, 2π))‖2 ≤ cB2. (4.45)

The constantc in (4.45) is independent ofl. Therefore, there exists a subsequence
{v(lm)(x, t)} which converges weakly inW 1,1

2 (Ω × (0, 2π)) to somev(x, t) ∈
W 1,1

2 (Ω× (0, 2π)) and forv(x, t) remains valid estimate (4.45). Eachv(lm)(x, t)
satisfies the integral identity

t∫

0

∫

Ω

v(lm)
τ (x, τ) · η(x, τ)dxdτ + ν

t∫

0

∫

Ω

∇v(lm)
τ (x, τ) · ∇η(x, τ)dxdτ

+

t∫

0

∫

Ω

((V(x, τ) + v(lm)(x, τ)) · ∇)v(lm)(x, τ) · η(x, τ)dxdτ

+

t∫

0

∫

Ω

(v(lm)(x, τ) · ∇)V(x, τ) · η(x, τ)dxdτ

=

t∫

0

∫

Ω

f̃ (lm)(x, τ) · η(x, τ)dxdτ, ∀t ∈ [0, 2π], (4.46)

for any divergence freeη(·, t) ∈ W 1,0
2 (Ω) with suppxη(x, t) ⊂ Ω(lm). Let us fix

η(x, t) with compact support and pass in (4.46) to a limit aslm →∞. This gives

t∫

0

∫

Ω

vτ (x, τ) · η(x, τ)dxdτ + ν

t∫

0

∫

Ω

∇v(x, τ) · ∇η(x, τ)dxdτ
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+

t∫

0

∫

Ω

((V(x, τ) + v(x, τ)) · ∇)v(x, τ) · η(x, τ)dxdτ

+

t∫

0

∫

Ω

(v(x, τ) · ∇)V(x, τ) · η(x, τ)dxdτ

=

t∫

0

∫

Ω

f̃(x, τ) · η(x, τ)dxdτ, ∀t ∈ [0, 2π]. (4.47)

Let us show that (4.47) remains valid for any divergence freeη(x, t) ∈ W̊ 1,0
2 (Ω×

(0, 2π)). We have

∣∣∣
t∫

0

∫

Ω

(v(x, τ) · ∇)v(x, τ) · η(x, τ)dxdτ
∣∣∣

≤
t∫

0

‖v(·, τ);L4(Ω)‖‖∇v(·, τ);L2(Ω)‖‖η(·, τ);L4(Ω)‖dτ

≤ c

t∫

0

‖∇v(·, τ);L2(Ω)‖2‖∇η(·, τ);L2(Ω)‖dτ

≤ c sup
t∈[0,2π]

‖∇v(·, τ);L2(Ω)‖
t∫

0

(‖∇v(·, τ);L2(Ω)‖2 + ‖∇η(·, τ);L2(Ω)‖2)dτ.

Further,

∫

Ω

|V(x, t)|2|∇v(x, t)|2dx ≤
J∑

j=1

∞∑

s=0

∫

ωjs

|V(x, t)|2|∇v(x, t)|2dx

+
∫

Ω(3)

|V(x, t)|2|∇v(x, t)|2dx ≤
J∑

j=1

∞∑

s=0

sup
x∈ωjs

|V(x, t)|2
∫

ωjs

|∇v(x, t)|2dx

+ sup
x∈Ω(3)

|V(x, t)|2
∫

Ω(3)

|∇v(x, t)|2dx
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≤
J∑

j=1

∞∑

s=0

‖V(·, t);W 2
2 (ωjs)‖2

∫

wjs

|∇v(x, t)|2dx

+c‖V(·, t);W 2
2 (Ω(3))‖2

∫

Ω(3)

|∇v(x, t)|2dx ≤ Y (t)
∫

Ω

|∇v(x, t)|2dx (4.48)

and

∫

Ω

|v(x, t)|2|∇V(x, t)|2dx ≤
J∑

j=1

∞∑

s=0

‖v(·, t);L4(ωjs)‖2‖∇V(·, t);L4(wjs)‖2

+‖v(·, t);L4(Ω(3))‖2‖∇V(·, t);L4(Ω(3))‖2

≤
J∑

j=1

∞∑

s=0

‖V(·, t);W 2
2 (ωjs)‖2

∫

ωjs

|∇v(x, t)|2dx

+c‖V(·, t);W 2
2 (Ω(3))‖2

∫

Ω(3)

|∇v(x, t)|2dx ≤ cY (t)
∫

Ω

|∇v(x, t)|2dx, (4.49)

whereY (t) is defined in Lemma 4.3. From (4.48) and (4.49) follow the estimates

∣∣∣
t∫

0

∫

Ω

(V(x, τ) · ∇)v(x, τ)dxdτ
∣∣∣ +

∣∣∣
t∫

0

∫

Ω

(v(x, τ) · ∇)V(x, τ)dxdτ
∣∣∣

≤ 1
2

t∫

0

∫

Ω

(
|V(x, τ)|2|∇v(x, τ)|2 + |v(x, τ)|2|∇V(x, τ)|2

)
dxdτ

+

t∫

0

∫

Ω

|η(x, τ)|2dxdτ ≤ c

t∫

0

Y (t)
∫

Ω

‖∇v(x, τ)|2 +

t∫

0

∫

Ω

|η(x, τ)|2dxdτ

≤ c sup
t∈[0,2π]

‖∇v(·, τ);L2(Ω)‖2

t∫

0

Y (τ)dτ +

t∫

0

∫

Ω

|η(x, τ)|2dxdτ

≤ cA1 sup
t∈[0,2π]

‖∇v(·, τ);L2(Ω)‖2 +

t∫

0

∫

Ω

|η(x, τ)|2dxdτ.
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Thus, for anyη(x, t) ∈ W̊ 1,0
2 (Ω × (0, 2π)) andv(x, t) satisfying (4.45), all in-

tegrals in identity (4.47) are finite and, since smoothη(x, t) with compact sup-
ports are dense in̊W 1,0

2 (Ω × (0, 2π)), we conclude that (4.45) is valid for all
η(x, t) ∈ W̊ 1,0

2 (Ω× (0, 2π)). From this we get that for almost allt ∈ [0, 2π] holds
the integral inequality

ν

∫

Ω

∇v(x, τ) · ∇η(x)dx +
∫

Ω

(v(x, τ)) · ∇)v(x, τ) · η(x)dx

=
∫

Ω

H(x, t) · η(x)dx, ∀η ∈ W 1
2 (Ω),

whereH(x, t) = f̃(x, t)−vt(x, t)− (V(x, t)) ·∇)v(x, t)− (v(x, t)) ·∇)V(x, t).
Therefore,v(x, t) ∈ W̊ 1

2 (Ω) can be considered as a weak solution of steady
Navier-Stokes problem with the right-hand sideH(x, t) and zero fluxes. Then
for v(x, t) hold the estimate (see [27], estimate (36) in Chapter V)

‖v(·, t);W 2
2 (ωjs)‖2 ≤ (‖v(·, t);W 1

2 (ω̂js)‖8 + ‖H(·, t);L2(ω̂js)‖2
)

≤ c
(‖v(·, t);W 1

2 (Ω)‖6‖v(·, t);W 1
2 (ω̂js)‖2 + ‖f̃(·, t);L2(ω̂js)‖2

+‖vt(·, t);L2(ω̂js)‖2 + ‖(V(·, t) · ∇)v(·, t);L2(ω̂js)‖2

+‖(v(·, t) · ∇)V(·, t);L2(ω̂js)‖2
)
.

Summing these relations overs and using (4.48) and (4.49), we get

‖v(·, t);W 2
2 (Ωj)‖2 ≤ c

(
‖v(·, t);W 1

2 (Ω)‖6‖v(·, t);W 1
2 (Ωj)‖2

+‖f̃(·, t);L2(Ωj)‖2 + ‖vt(·, t);L2(Ωj)‖2 + ‖(V(·, t) · ∇)v(·, t);L2(Ωj)‖2

+‖(v(·, t) · ∇)V(·, t);L2(Ωj)‖2

)
≤ c

(
‖v(·, t);W 1

2 (Ω)‖6‖v(·, t);W 1
2 (Ω)‖2

+‖f̃(·, t);L2(Ω)‖2 + ‖vt(·, t);L2(Ω)‖2 + Y (t)‖∇v(·, t);L2(Ω)‖2

)
.
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Integration of the last inequality with respect tot yields in virtue of (4.45)

2π∫

0

‖v(·, t);W 2
2 (Ωj)‖2dt ≤

(
c sup

t∈[0,2π]
‖v(·, t);W 1

2 (Ω)‖6

2π∫

0

‖v(·, t);W 1
2 (Ω)‖2dt

+

2π∫

0

‖f̃(·, t);L2(Ω)‖2dt +

2π∫

0

‖vt(·, t);L2(Ω)‖2dt

+c sup
t∈[0,2π]

‖v(·, t);W 1
2 (Ω)‖2

2π∫

0

Y (t)dt

)
≤ c(A2

1 + B2
1)

+

2π∫

0

‖f̃(·, t);L2(Ω)‖2dt.

Analogously, we get that

2π∫

0

‖v(·, t);W 2
2 (Ω(3))‖2dt ≤ c(A2

1 + B2
1) +

2π∫

0

‖f̃(·, t);L2(Ω)‖2dt.

Thus,v(x, t) ∈ W 2,1
2 (Ω × (0, 2π)) and from (4.48) we conclude that equations

(4.8) are satisfied almost everywhere inΩ× (0, 2π). By Lemma 3.4,v(x, t) obeys
estimate (4.26), i. e,

2π∫

0

(
‖E(k)

β vτ (·, τ);L2(Ω)‖2 + ‖E(k)
β v(·, τ);W 2

2 (Ω)‖2
)
dτ

+

2π∫

0

‖E(k)
β ∇p̃(·, τ);L2(Ω)‖2 ≤ cB

(k)
2 .

The constantc is independent ofk. Sincêf(x, t) ∈ L2,β(Ω× (0, 2π)),

2π∫

0

‖E(k)
β f̂(·, t);L2(Ω)‖2dt ≤ ‖f̂ ;L2,β(Ω× (0, 2π))‖2 = A3
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and
2π∫

0

(
‖E(k)

β vτ (·, τ);L2(Ω)‖2 + ‖E(k)
β v(·, τ);W 2

2 (Ω)‖2
)
dτ

+

2π∫

0

‖E(k)
β ∇p̃(·, τ);L2(Ω)‖2 ≤ cB3, (4.50)

with B3 = limk→∞B
(k)
2 . Now we can letk → ∞ in (4.44) and, thus, we obtain

(4.43). The theorem is proved.
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Three-dimensional time periodic

Navier-Stokes problem

5.1 Formulation of the problem

In this chapter we shall study (4.1) problem in three-dimensional domainΩ ∈
R3. Note that nowσj ∈ R2 is a bounded domain.

Assume that external forcef(x, t) is represented in the form

f(x, t) =
J∑

j=1

ζ(x(j)
3 )f (j)(x(j)′ , t) + f̂(x, t), (5.1)

where
f (j)(x(j)′ , t) =

(
f

(j)
1 (x(j)′ , t), f (j)

2 (x(j)′ , t), f (j)
3 (x(j)′ , t)

)
,

ζ(τ) is a smooth cut-off function withζ(τ) = 0, for τ ≤ 1 andζ(τ) = 1, for
τ ≥ 2, f (j)(x, t) ∈ W 2,1

2 (σj × (0, 2π)); f̂(x, t) ∈ W2,1
2,β(Ω × (0, 2π)). More-

over, let Fj(t) ∈ W 1
2 (0, 2π) and alsoFj(0) = Fj(2π), j = 1, ..., J . Then

in each cylinder
∏

j = σj × (0, 2π) there exits a generalized Poiseuille solu-

tion (U(j)(x(j)′ , t), P (j)(x(j), t)) having the form (3.34) and satisfying estimate
(3.36). Let us defineV(x, t) by formula (3.39) whileU(x, t) and P (x, t) are
given by (3.37). Consider Navier-Stokes problem (4.1). Looking for the solution

79
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(u(x, t), p(x, t)) of (4.1) in the form

u(x, t) = v(x, t) + V(x, t), p(x, t) = p̃(x, t) + P (x, t), (5.2)

we obtain for(v(x, t), p̃(x, t)) three-dimensional problem




vt(x, t)− ν∆v(x, t) + (v(x, t) · ∇)v(x, t) + (V(x, t) · ∇)v(x, t)

+(v(x, t) · ∇)V(x, t) +∇p̃(x, t) = f̃(x, t),

divv = 0,

v(x, t)|∂Ω = 0,

v(x, 0) = v(x, 2π),

∫

σj

v(x, t) · n(x)ds = 0, j = 1, ..., J,

(5.3)

with f̃(x, t) = f̂(x, t) + f(1)(x, t) + f(2)(x, t),

f(1)(x, t) = (f (1)′(x, t), f (1)
3 (x, t)),

f ′(1)(x, t) =
J∑

j=1

(
νζ ′′(x(j)

3 )U(j)′(x(j)′ , t)

−ζ(x(j)
3 )ζ ′(x(j)

3 )U (j)
3 (x(j)′ , t)U(j)′(x(j)′ , t)

−ζ ′(x(j)
3 )(ζ ′(x(j)

3 )− 1)(U(j)′(x(j)′ , t) · ∇′)U(j)′(x(j)′ , t)

)
,

f3(1)(x, t) =
J∑

j=1

(
νζ ′′(x(j)

3 )U (j)′
3 (x(j)′ , t)

−ζ(x(j)
3 )ζ ′(x(j)

3 )|U (j)
3 (x(j)′ , t)|2

−ζ ′(x(j)
3 )(ζ ′(x(j)

3 )− 1)(U(j)′(x(j)′ , t) · ∇′)U (j)
3 (x(j)′ , t)−
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−ζ ′(x(j)
3 )x(j)

3 q(j)(t)

)
,

f(2) = −Wt(x, t) + ν∆W(x, t)− (W(x, t) · ∇)W(x, t)

−(U(x, t) · ∇)W(x, t)− (W(x, t) · ∇)U(x, t).

Using Sobolev embedding inequalities, estimate (3.36) forU(j)(x(j)′ , t) and
estimate (3.38) forW(x, t), we obtain the inequalities

t∫

0

∫

Ω

|f(1)(x, τ)|2dxdτ ≤ c
J∑

j=1

t∫

0

∫

σj

(|U(j)(x(j)′ , τ)|2 + |U(j)(x(j)′ , τ)|4

+|U(j)(x(j)′ , τ)|2|∇′U(j)(x(j)′ , τ)|2 + |q(j)(τ)|2)dxdτ

≤ c
J∑

j=1

t∫

0

∫

σj

(|U(j)(x(j)′ , τ)|2 + |q(j)(τ)|2dx(j)′dτ

+c
J∑

j=1

t∫

0

sup
x(j)′∈σj

(|U(j)(x(j)′ , τ)|2)‖U(j)(·, τ);W 1
2 (σj)‖2dτ

≤ (E0 + E1) +
J∑

j=1

sup
t∈[0,2π]

(‖U(j)(·, τ);W 1
2 (σj)‖2)

t∫

0

‖U(j)(·, τ);W 2
2 (σj)‖2dτ

≤ c(E0 + E1)(1 + E0 + E1) := cE2,

t∫

0

∫

Ω

|f(2)(x, τ)|2dxdτ ≤ c

t∫

0

∫

Ω(3)

(
|Wt(x, τ)|2 + |∆W(x, τ)|2

+
(
|W(x, τ)|2 + |U(x, τ)|2

)
|∇W(x, τ)|2 + |W(x, τ)|2|∇U(x, τ)|2

)
dxdτ

≤ cE1 + c

t∫

0

{
sup

x∈Ω(3)

(
|W(x, τ)|2 + |U(x, τ)|2

) ∫

Ω(3)

(|∇W|2 + |∇U|2)dx
}

dτ

≤ cE1 + c sup
t∈[0,2π]

[
‖W(·, t);W 1

2 (Ω(3))‖2 +
J∑

j=1

‖U(j)(·, t);W 1
2 (σj)‖2

]
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×
t∫

0

(
‖W(·, τ);W 2

2 (Ω(3))‖2 +
J∑

j=1

‖U(j)(·, t);W 1
2 (σj)‖2

)
dτ ≤ cE2. (5.4)

We denoteE0 =
∑J

j=1 E
(j)
0 , whereE

(j)
0 = ‖U(j)′ ; W 2,1

2 (σ × (0, 2π))‖2,

E1 =
J∑

j=1

(‖Fj ; W 1
2 (0, 2π)‖2 + ‖f (j)

3 ; W 1
2 (σj × (0, 2π))‖2).

5.2 Estimates of nonlinear terms

Lemma 5.1.Letv(x, t) ∈ W2,1
2,β, βj ≥ 0, j = 1, ..., J . Then(v(x, t) ·∇)v(x, t) ∈

L2,β(Ω× (0, 2π)) and

t∫

0

‖(v(·, τ) · ∇)v(·, τ);L2,β(Ω)‖2dτ

≤ c‖v;W2,1
2,β(Ω× (0, t))‖4, ∀t ∈ [0, 2π], (5.5)

where the constant c is independent oft ∈ [0, 2π].

Lemma 5.2.Letu(x, t),v(x, t) ∈ W2,1
2,β(Ω × (0, 2π)), βj ≥ 0, j = 1, ..., J .

Then(u(x, t) · ∇)v(x, t) ∈ L2,β(Ω × (0, 2π)), (v(x, t) · ∇)u(x, t) ∈ L2,β(Ω ×
(0, 2π)) there holds the estimates

t∫

0

‖(u(·, τ) · ∇)v(·, τ);L2,β(Ω)‖2dτ ≤ cε

t∫

0

‖u;W2,1
2,β(Ω× (0, τ))‖2dτ

+εc‖v;W2,1
2,β(Ω× (0, t))‖4‖u;W2,1

2,β(Ω× (0, t))‖2, (5.6)

and

t∫

0

‖(u(·, τ) · ∇)v(·, τ);L2,β(Ω)‖2dτ ≤ cε

t∫

0

‖v;W2,1
2,β(Ω× (0, τ))‖2dτ

+εc‖v;W2,1
2,β(Ω× (0, t))‖4‖u;W2,1

2,β(Ω× (0, t))‖2, (5.7)

Constants in (5.6), (5.7) are independent oft ∈ [0, 2π] .
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Lemma 5.3. Let v(x, t) ∈ W2,1
2,β(Ω × (0, 2π)). Then(V(x, t) · ∇)v(x, t) ∈

L2,β(Ω× (0, 2π)), (v(x, t) · ∇)V(x, t) ∈ L2,β(Ω× (0, 2π)) and

t∫

0

‖(V(·, τ) · ∇)v(·, τ);L2,β(Ω)‖2dτ +

t∫

0

‖(v(·, τ) · ∇)v(·, τ);L2,β(Ω)‖2dτ

≤ c(E0 + E1)‖v;W2,1
2,β(Ω× (0, t))‖2, ∀t ∈ [0, 2π], (5.8)

where the constantc is independent oft ∈ [0, 2π].

Lemma 5.4. Let v(x, t) ∈ W2,1
2,β(Ω × (0, 2π)), t ∈ [0, 2π]. Then there holds the

estimate

t∫

0

‖(V(·, τ) · ∇)v(·, τ);L2,β(Ω)‖2dτ +

t∫

0

‖(v(·, τ) · ∇)v(·, τ);L2,β(Ω)‖2dτ

≤ ε(E2
0 + E2

1)‖v;W2,1
2,β(Ω× (0, t))‖2 + cε

t∫

0

‖v;W2,1
2,β(Ω× (0, τ))‖2dτ, (5.9)

where the constantc is independent oft ∈ [0, 2π].

The proof of lemmas 5.2–5.4 could be find in [66].

5.3 Solvability of (5.3) problem

Now we prove the main result of the chapter.

Theorem 5.1.Let∂Ω ∈ C2, Fj(t) ∈ W 1
2 (0, 2π), and let the external forcef(x, t)

is represented in the form (5.1) with

f̂(x, t) ∈ L2,β(Ω×(0, 2π)), f (j)(x′, t) ∈ L2(σj×(0, 2π)), βj ≥ 0, j = 1, ..., J.

Moreover, assume thatFj(0) = Fj(2π) and that the numberγ∗ in inequality
(1.33) for the weight functionEβ(x) is sufficiently small. If

c2(E0 + E1) < 1,

4c1c2(E2 + E3) <
(
1− c2(E0 + E1)

)2
, (5.10)
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whereE0, E1, E2 are defined in section 5.1,

E3 = ‖f̂ ;L2,β(Ω× (0, 2π))‖2,

andc1, c2 are absolute constants defined below, then the (5.3) problem admits at
least one solutionv(x, t) ∈ W2,1

2,β(Ω × (0, 2π)), ∇p̃(x, t) ∈ L2,β(Ω × (0, 2π)).
There holds the estimate

‖v;W2,1
2,β(Ω× (0, 2π))‖2 + ‖∇p̃ ∈ L2,β(Ω× (0, 2))‖2 ≤ cr0, (5.11)

where

r0 =
2α0

1− α1 +
√

(1− α1)2 − 4α0α2

, (5.12)

α0 = c1(E0 + E1 + E2 + E3), α1 = c2(E0 + E1), α2 = c2.

Proof. The existence of the solution to problem (5.3) we prove using method of
successive approximations. Let us consider problem (5.3) as linear time periodic
Stokes problem





vt(x, t)− ν∆v(x, t) +∇p̃(x, t) = g(x, t;v(x, t)),

divv(x, t) = 0,

v(x, t)|∂Ω = 0, v(x, 0) = v(x, 2π),

∫

σj

v(x, t) · n(x)ds = 0, j = 1, ..., J,

(5.13)

with

g(x, t;v(x, t)) = f̃(x, t)− (v(x, t) · ∇)v(x, t)− (V(x, t) · ∇)v(x, t).

−(v(x, t) · ∇)V(x, t).

Let us putv(0)(x, t) = 0, p̃0(x, t) = 0, and define the successive approxima-
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tions recurrently as solutions of linear problems





v(l+1)
t (x, t)− ν∆v(l+1)(x, t) +∇p̃(l+1)(x, t) = g(x, t;v(l)(x, t)),

divv(l+1)(x, t) = 0,

v(l+1)(x, t)|∂Ω = 0, v(l+1)(x, 0) = v(l+1)(x, 2π),

∫

σj

v(l+1)(x, t) · n(x)ds = 0, j = 1, ..., J.

(5.14)

In virtue of (5.5), (5.6), (5.7), (5.8), (5.9) the right-hand sideg(x, t;v(l)(x, t))
admits the estimate

‖g(x, t;v(l)(x, t));L2,β(Ω× (0, 2π))‖2 ≤ c‖f̃ ;L2,β(Ω× (0, 2π))‖2

+c
(
‖v(l);W2,1

2,β(Ω× (0, 2π))‖4 + (E0 + E1)‖v(l);W2,1
2,β(Ω× (0, 2π))‖2

)

≤ c

(
‖f̂ ;L2,β(Ω× (0, 2π))‖2 + ‖f(1);L2,β(Ω× (0, 2π))‖2

+‖f(2);L2,β(Ω× (0, 2π))‖2

)
+ c‖v(l);W2,1

2,β(Ω× (0, 2π))‖4

+c(E0 + E1)‖v(l);W2,1
2,β(Ω× (0, 2π))‖2 ≤ c(E0 + E1 + E2 + E3)

+c
(
‖v(l);W2,1

2,β(Ω× (0, 2π))‖4 + (E0 + E1)‖v(l);W2,1
2,β(Ω× (0, 2π))‖2

)

Therefore, all approximations(v(l+1)(x, t), p̃(l+1)(x, t)) are well defined and sat-
isfy the estimates

‖v(l+1)(x, t);W2,1
2,β(Ω× (0, 2π))‖2 + ‖∇p̃(l+1);L2,β(Ω× (0, 2π))‖2

≤ c‖g(·,v(l));L2,β(Ω× (0, 2π))‖2

≤ c1(E0 + E1 + E2 + E3) + c2

(
‖v(l);W2,1

2,β(Ω× (0, 2π))‖4+
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(E0 + E1)‖v(l);W2,1
2,β(Ω× (0, 2π))‖2

)

= α0 + α1‖v(l);W2,1
2,β(Ω× (0, 2π))‖2 + α2‖v(l);W2,1

2,β(Ω× (0, 2π))‖4. (5.15)

If
α1 < 1, 4α0α2 < (1− α1)2, (5.16)

the quadratic equationα2y
2 + (α1 − 1)y + α0 = 0 has positive roots minimal

r0 of which is given by formula (5.12). From (5.15), (5.16) it follows that, if
‖v(l);W2,1

2,β(Ω× (0, 2π))‖2 ≤ r0, then also

‖v(l+1)(x, t);W2,1
2,β(Ω×(0, 2π))‖2+‖∇p̃(l+1);L2,β(Ω×(0, 2π))‖2 ≤ r0. (5.17)

Since obviously‖v(0);W2,1
2,β(Ω × (0, 2π))‖2 ≤ r0, we conclude that (5.17) is

valid for ∀l ≥ 0. Let us show now that the sequence{v(l+1)(x, t), p̃(l+1)(x, t)}
converges to the solution(v(x, t), p̃(x, t)) of problem (5.3). The differences

w(l)(x, t) = v(l+1)(x, t)− v(l)(x, t), q(l)(x, t) = p̃(l+1)(x, t)− p̃(l)(x, t)

are the solutions of the following linear problems





w(l)
t (x, t)− ν∆w(l)(x, t) +∇q(l)(x, t) = g(x, t;v(l+1))− g(x, t;v(l))

= −V(x, t) · ∇)w(l)(x, t)− (w(l)(x, t) · ∇)V(x, t)

−(v(x, t) · ∇)V(x, t)− (w(l)(x, t) · ∇)v(l)(x, t)− (v(l)(x, t) · ∇)w(l)(x, t),

divw(x, t) = 0,

w(x, t)|∂Ω = 0,

w(x, 0) = w(x, 2π),

∫

σj

w(x, t) · n(x)ds = 0, j = 1, ..., J.



d

d

“thesis” — 2008/6/13 — 22:48 — page 87 — #96 d

d

d

d

d

d

5.3. Solvability of (5.3) problem 87

Let X(l+1)(t) = ‖w(l+1);W2,1
2,β(Ω × (0, t))‖2 + ‖∇q(l+1);L2,β(Ω × (0, t))‖2.

Using Lemmas 5.2, 5.4 and estimate (5.17), we derive the inequality

X(l+1)(t) = c‖g(·;v(l+1))− g(·;v(l));L2,β(Ω× (0, t))‖2

≤ c

(
‖(V · ∇)w(l);L2,β(Ω× (0, t))‖2 + ‖(w(l) · ∇)V;L2,β(Ω× (0, t))‖2

+‖(w(l) · ∇)v(l);L2,β(Ω× (0, t))‖2 + ‖(v(l) · ∇)w(l);L2,β(Ω× (0, t))‖2

)

≤ εc

(
E2

0 + E2
1 + ‖v(l);W2,1

2,β(Ω× (0, 2π))‖4

)
‖w(l);W2,1

2,β(Ω× (0, t))‖2

+cε

t∫

0

‖w(l);W2,1
2,β(Ω×(0, τ))‖2dτ ≤ εc∗(E2

0+E2
1+r2

0)‖w(l);W2,1
2,β(Ω×(0, t))‖2

+cε

t∫

0

‖w(l);W2,1
2,β(Ω× (0, t))‖2dτ. (5.18)

Let us fixε =
1

2c∗(E2
0 + E2

1 + r2
0)

and sum relations (5.18) byl from 1 to M .

This yields

M+1∑

m=2

X(l)(t) ≤ 1
2

M∑

m=1

X(l)(t) + c

t∫

0

M∑

m=1

X(l)(t)dτ. (5.19)

SettingY (M)(t) =
M∑

m=1
X(l)(t), from (5.19) we get

Y (M)(t) ≤ 2X(1)(t) + c

t∫

0

Y (M)(τ)dτ

and, by Gronwall inequality,

Y (M)(t) ≤ 2ectX(1)(t).
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Therefore, the series
∞∑
l=1

X(1)(t) converges for any finitet and, consequently,

{v(l+1)(x, t),∇p̃(l+1)(x, t)} converges in the norm of the spaceW2,1
2,β(Ω×(0, 2π))×

L2,β(Ω × (0, 2π)) to the solution(v(x, t), p̃(x, t)) of problem (5.3). Obviously,
for (v(x, t), p̃(x, t)) remains valid inequality (5.19).
The theorem is proved.
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General conclusions

In the dissertation, the following results are established.

1. The existence and uniqueness of a non-stationary Poiseuille solution to
Navier-Stokes system in a straight cylinder is proved.

2. The existence and uniqueness of a solution to the time periodic Stokes
problem in domains with cylindrical outlets to infinity is proved in weighted
Sobolev spaces.

3. The existence of a solution for the two-dimensional time periodic Navier-
Stokes problem in domains with cylindrical outlets to infinity is proved in
weighted Sobolev spaces. The results were obtained for “small” fluxes.
However, the external forces could be “large”.

4. The existence of a solution for the three-dimensional time periodic Navier-
Stokes problem in domains with cylindrical outlets to infinity is proved in
weighted Sobolev spaces. The results were obtained for all “small” data,
including both fluxes and external forces.

5. It is shown that the obtained solutions in every outlet to infinity asymp-
totically tend as|x| → ∞ to the corresponding time periodic Poiseuille
solution.

6. From the obtained results, we conclude that in the case of “rapidly” vanish-
ing external forces, the time periodic solution of Navier–Stokes equations

89
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90 GENERAL CONCLUSIONS

in outlets to infinity are almost coincident for a large|x|with a correspond-
ing time periodic Poiseuille solution. In particular, if there is no external
force, then the time periodic solution of the Navier–Stokes problem expo-
nentially tends towards the time periodic Poiseuille flow. Thus, in studying
viscous fluid flow problems in complicated systems of pipes one can get
the information for large distances solving much easier linear parabolic
problems describing the time periodic Poiseuille flows in pipes.
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