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Fig. 1 Moving windows produces subsequences which 

are then transformed into associated Hankel matrices.

Fig. 2. A threshold on the average differences of 

adjacent singular values is employed for rank estimation.
Fig. 3. Prediction of RUL for ��� dataset (validation) 

with the multidimensional model trained on ���.

Fig. 4 . Prediction of RUL for ��� dataset 

(training) with the multidimensional model.

Fig. 5. Evolution of Hankel matrix pseudo-rank values for testing 

dataset ��� (left) and for training dataset ��� (right). Optimal 

parameters �m, w, e
 � �500, 13, 0.03
.

Fig. 7. Complete workflow of the data preprocessing, model optimization and RUL prediction.

Fig. 6. Optimal configuration 

of artificial neuron network 

(ANN).
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Motivation
Estimation of the remaining useful life (RUL) of bearings is usually

performed using various methods, including machine learning,

entropy-based, or other more or less classical methods. This study

aims to use the ranks of the associated Hankel matrix.

Algebraic techniques in predictive diagnostics are still less common,

although some applications of Hankel matrices, for example, have

received more attention recently [2, 3, 4].

Introduction
Our research focuses on analyzing the remaining useful life of bearing based on their vibrational signals. A unique approach to this

problem is the introduction of an algebraic techniques (in particular – Hankel matrices) a rather novel idea in predictive diagnostics.

By applying a fixed sliding window to vibration data, we can construct Hankel matrices and find their so called feature – pseudo-

rank (Fig. 1). Being a numerical feature, it represents bearings’ RUL (or health condition which is essentially the inverse of RUL,

depending on what exactly needs to be estimated) at any given time. The question arises during practical applications: how to

estimate the pseudo-rank? Thus we introduce a methodology to solve this problem.

Algebraic approach is a topic of the ongoing research and will further be developed for problems in predictive diagnostics.

Numerical analysis
RUL prediction starts by evaluating bearings vibration at any given

time moment. Then, one needs to find the rank of the associated

Hankel matrix precise enough to represent an algebraic feature of

vibrational data (exact formal ranks of a sequence does not exist due

to the presence of noise).

The solution of the rank estimation problem is demonstrated with the

data from experimental platform PRONOSTIA [1]. Here,

accelerometers measures bearings’ accelarations ��, �� along �� and

�� axes respectively. The value of accelaration changes over time and

begins to show noticeable increase in standard deviation for small

RUL values. The experiment is conducted with custom ball bearings.

Conditions of the experiment are: 1500 rpm and 5000 N load.

Since the bearing‘s data files includes the timestamps of the data

registered they are used to determine bearing‘s RUL. Despite the data

being registered in two directions, only the first one (along �� axis) is

considered here.

The feature of interest is the pseudo-rank � of the sequence �� � !
" . It

is usually found by counting the number of singular values #$, % � 1, &,

which are greater than a threshold '. Our variation is to compare

#$ ( #$�� $ �

)
to ' instead. The first index % at which the moving

average of the difference (of window *) is less than ' three times in a

row is considered �� � � �� � �
���)�� : � % (Fig. 2).

The optimal values for &, ', * are determined by particle

swarm optimization, minimizing prediction accuracy ,.

&-./ , '-./ , *-./ � arg min
),5,6

, &, ', *   

1D model. A perceptron is used (3 hidden layers having 32,

16, 8 neurons respectively).

• Input: ��.

• Output: 89:� � ;<"= ( ;�.

ND model. A custom functional ANN architecture is used.

• Input: ���>��, ���>��, . . . , �� .

• Output: 89:� � ;<"= ( ;�.

The target function in both cases is the same:

, &, ', * � ,?@ 89:�
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Numerical experiments suggest that in real applications the

parameters needs to be optimized for a particular bearing

even if experiment parameters are the same.

Discussion
Prediction of RUL is only viable at the end of bearing’s lifetime if 1D model is used. Only then �� shows a stable tendency to

increase over the remaining time (Fig. 5). Successional predictions would be required to detect the decrease in RUL and predict it

from that point onward.

Optimal configuration of ANN for ND model was formed by training a number of different arbitrary architectures. The best

prediction error was achieved with a network having 3 different “towers” for independent feature assessment (Fig. 6). Heuristic

argument for this is that �� shows decreasing tendency at first but then starts to increase at the end of bearing’s lifetime. ND

approach is capable of predicting RUL in advance and for longer period of time.
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