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Moksliniy tyrimy ir disertacijos

rengimo etapai(ll)

Darbo pavadinimas

Atlikimo terminai

Pastabos

3. Atskiry daktaro disertacijos daliy (tyrimo metodikos, rezultaty, ginamy teiginiy, iSvady,
ir kt.) parengimas:
3.1. Apzvalga 2019-10-01 - Parengta Bajeso ir kity metody taikomy globaliajam optimizavimui
2020-09-30 literatliros apZvalga.
2020-10-01 - Apzvelgti Bajeso metody trikumai ir suformuota probleminé sritis.
3.2. Teorinis tyrimas 2021-09-30 Suformuluoti uzdaviniai Bajeso metody probleminés srities sprendimui.
Pasirinkta tyrimo metodika isSkeltiems uzdaviniams spresti.
ISanalizuoti esami Bajeso optimizacijos algoritmai taikomi aukstos
dimensijos problemoms spresti. Pasillyta galima algoritmo modifikacija,
galinti padidnti optimizavimo efektyvuma.
2021-10-01 - Sukurtos Bajeso optimizacijos modifikacijos paremtos Gauso eksperty
3.3. Eksperimentinis tyrimas 2022-09-30 modeliais. Sukurty modeliy efektyvumas palygintas su kitais BO modeliais.
Modeliai jvertinti naudojant skirtingos dimensijos optimizavimo uzdavinius
ir skirtingus duomenuy triukSmo lygius.
3.4. ISvady parengimas 2022-10-01 -
vadup 8 2023-03-31 Apibendrinti gauti rezultatai ir iSskirti esminiai rezultatai.
Parengtos iSvados pagal gautus tyrimo rezultatus.
4, Daktaro disertacijos parengimas ir svarstymas padalinyje 2023-04-01 Parengta disertacija. Laukiama antrojo straipsnio
priémimo.
5. Daktaro disertacijos gynimas 2023-09-30 Laukiama antrojo straipsnio priémimo.




Tyrimo objektas ir tikslal

* Tyrimo objektas:
* Bajeso optimizacijos metodai.

* Tyrimo tikslas:

* Tobulinti ir modifikuoti esamus Bajeso optimizavimo metodus, siekiant didinti
jy efektyvuma.



Tyrimo uzdaviniai

* Atlikti naujausios mokslinés literattros apzvalga ir analize Bajeso
metody taikymo globalios optimizacijos srityje;

 Palyginti ir iSanalizuoti esamus Bajeso metodus ir jy modifikacijas
globaliam optimizavimui;

* Modifikacijy pasitulymas ir naujy Bajeso optimizacijos metody
kdrimas;

e Sukurty metody efektyvumo jvertinimas ir palyginimas su esamais
metodais.



2022/2023 m. m. Il pusmecio atlikti darbai

» Pataisytas antrasis straipsnis pagal recenzenty komentarus ir pastabas;
» Parengta daktaro disertacija.



2022/2023 m. m. Il pusmecio moksliniy
rezultaty pristatymas




Black-box Optimization

Goal: * =
* x ErJrClg)I(R{d )

Black-box function:

= fis non-convex
= fis expensive to evaluate
" no gradient information

= evaluations can be noisy



Bayesian Optimization

Algorithm 1 Bayesian optimization

Require: objective f, acquisition function «, search space X', model M,
initial design D
1: repeat
2: Fit the model M to the data D
3 Maximize the acquisition function: ¥ = arg maxa (z, M)

reX
4: Evaluate the function: v = f (Z)
5: Add the new data to the data set: D = DU (Z, )
6: until termination condition is met
7: Output: the recommendation z* = arg maxE | f(z)]

rc r¥




Surrogate model: Gaussian process

Gaussian process (GP) is the most popular surrogate model used in BO.

Definition: A random function f: X — R is said to be a Gaussian Process #GP) with
R and : X XX - R, denoted by f ~ GP(m, k), it the following holds:

For any finite set X = (x4, ...,x,) € X ofanysizen € N, the random vector

fx = (F&), o, f () € RT

n
follows fy ~ NV (my, kxx) with covariance matrix kyy = (k(xi,xj)) € R™ and mean vector my =

(m(xl), ...,m(xn))T e R". ij=1

The can be any real-valued function.

The must be:
« symmetric: k(x,y) = k(y, x)
* positive semi-definite: foranyn € N, forrzi:zll x; € X,Va; € R

2 z aiocjk(xi,xj) >0

i=1j=1

X -



GP regression

Consider a regression problem y(x) = f(x) + € with f ~ GP(m, k)

and € ~ V(0,52).

The objective is to infer the latent function f from n noisy observations
= {(xi, ¥}z

Training

_ 1
logp (y| X. 0) = —EyT(K”_ﬂ +f.:r?f) Y — —[m(,r ‘K?m - UZI| — —[uql"

Prediction

My — k*nT (K?m. + ‘7?1)_1 Y.

"72 — k** — k*?'{. (K?m. + ‘7?1)_1

T
Kan”



GP computational complexity

* Training GP requires to invert covariance matrix:

k(xq, %) + 02 - k(xq, %)
A=kp, +0il = : ‘ :

k(x‘ru xl) k(xn: xn) T 0-1%

* Because A symmetric positive definite, we know A = LL' and
AA Y =1, thenA 1 = LT\ (L \ D).

* Using Cholesky decomposition L = cholesky(k,m + 0,%1).

* The computational complexity is 0(n3).



Limitations of Bayesian Optimization

* Scalability
* Training time and space complexity of standard GP are 0(n3) and
0(n?) respectively.

* Non-stationarity

e Standard GP model in BO implicitly assume that the noise variance
remains constant in the whole search space.



Extending Bayesian Optimization

For scalability, we proposed two modifications to scale the BO to
large number of observations using Generalized Product of Experts
model (gPoEBO) and trust regions-based algorithm (gPoETRBO).

For non-stationarity, we present a heteroscedastic GPOE based BO

(GPOEBO) algorithm for global optimization which is capable of
optimizing the functions with heteroscedastic noise variance.




Algorithm 1: BO with Generalized Product of
Experts (gPoEBO)

Proposed to replace the standard GP model in BO with the
generalized product of experts (gPoE) model.

Randomly partition D;_1 into M = |D;_1|/n; subsets.
Train M local GP experts on {D; ;}M_ subsets.

Evaluate / local GP expert posterior mean i} and variance o} on X©
candidate points.

Aggregate ,u,“t4 and 0{4 using gPoE model

Maximize UCB acquisition function to find find the next most
promising candidate point X = argmax,.xc 1 (x) + VB (x)
Training can be distributed and with M compute nodes the training
time complexity is reduced to O(n;3).



Algorithm 2: Trust region BO with Generalized
Product of Experts (gPoETRBO)

We propose combining the trust region (TR) method with gPoE
models for BO.

Trust region methods helps to reduce the search space by
concentrating the search within a specified neighborhood around the
current best solution, refining the region based on the improvement of
the current best solution.

We define the trust region as a rectangle surrounding the current best
solution.

We use restart strategy to achieve the global optimization.

We provide the proof that gPoETRBO converges to the global
maximum of the objective function.



Algorithm 3: Heteroscedastic BO with Generalized
Product of Experts

@ We proposed a new heteroscedastic BO algorithm that uses individual noise
variance levels from GPOE to model the heteroscedastic noise.

@ For each i-th expert, we decompose the posterior predictive variance for noisy test
data y, as af,l.(x*) = a%(x.) + o’ ;, where o7 (x.) is a predictive variance for a

noise-free test data x, and o2 . is the noise variance.

€.l

@ We proposed a modification to the HAEI acquisition function:

YV r(x)
\/(r?A + v2r(x)

where the aggregated noise variance function is r(x) = Zgl ai(x)o? ;.

(YHAEI(X) = (YH,,(X) 1-—

@ Multiplicative factor penalizes the locations with small posterior prediction
variance compared to the noise variance and therefore enhances exploration

@ We provided two proofs for our proposed HAEI acquisition function:

@ The HAEI reduces to El when the ratio of predictive posterior variance to predictive noise variance is much
greater than '72.
@ The HAEI goes to zero as the ratio of posterior predictive variance to noise variance approaches zero.

@ We propose a modified aleatoric noise-penalized expected improvement (ANPEI)
acquisition function to penalize regions with large noise levels:

”ANPEI(X) = 3. (.lan(x) - (1 — ,H) X \/r(x).



Numerical Experiments for Scalable Bayesian
Optimization

e Baseline algorithms: We compare the performance and running
times of our proposed gPoEBO and gPoETRBO algorithms with other
GP experts-based BO models (PoE BO, BCM BO, rBCM BO), sparse GP
based BO (SGPRBO), standard BO, TuURBO and Random Search

algorithms.

* Benchmarks: We evaluated and compared the performance for all
algorithms on synthetic 20D and 50D Rosenbrock, Levy, Ackley,
Rastrigin global optimization benchmark functions and on real life
12D Lunar Landing, 14D robot pushing and 60D rover trajectory
planning continuous optimal control problems.
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Optimization performance on optimal control

Lunar Landing

problems

Model

12D Lunar Landing

14D Robot Pushing

60D Rover Trajectory
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Time restricted optimization experiments
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Numerical Experiments for Heteroscedastic
Bayesian Optimization

* Baseline algorithms: We compare the performance of POE based BO
(POEBO) and GPOE based BO (GPOEBO) using our proposed
modifications of acquisition functions (HAEI, ANPEI) against
heteroscedastic BO model using MLHGP model (MLHGPBO). Also, we
include the results of homoscedastic BO with El (BO El) and AEI(BO AEI)

acquisition functions.

 Benchmarks: We evaluated and compared the performance for all
algorithms on 2D (Branin, GoldsteinPrice), 4D (Hartman, Rosenbrock)
and 6D (Hartman, Sphere) synthetic global optimization functions and
on two real-world scientific datasets.



Synthetic Benchmark Functions Optimization

The optimization performance table (differences between the function value at the best-found point and the
actual function maximum) for all synthetic benchmark functions

Function

Branin

GoldsteinPrice

HartmanndD

Rosenbrock

HartmannéD

Sphere

BO_EI
BO_AEI

GPOEBO_HAEI
GPOEBO_ANPEI

POEBO_HAEI
POEBO_ANPEI

MLHGPBO_HAEI
MLHGPBO_ANPEI
RANDOM_SEARCH

0.0422 (0.0370)
0.0422 (0.0322)
0.0333 (0.0273)
0.0332 (0.0262)
0.0406 (0.0330)
0.0371 (0.0294)
0.0443 (0.0319)
0.0465 (0.0444)
0.0802 (0.0748)

0.8930 (0.5840)
0.8966 (0.5946)
0.8265 (0.5558)
0.8371 (0.5237)
0.9671 (0.5655)
0.9509 (0.5859)
1.0693 (0.5463)
1.0004 (0.6133)
1.5819 (0.5698)

0.1839 (0.1927)
0.1734 (0.1858)
0.1759 (0.1517)
0.1630 (0.1464)
0.8603 (0.6499)
1.0092 (0.5935)
0.2851 (0.2197)
0.3079 (0.2473)
1.0465 (0.4233)

0.0048 (0.0055)
0.0055 (0.0064)
0.0039 (0.0034)
0.0057 (0.0071)
0.0834 (0.0620)
0.0945 (0.0566)
0.0214 (0.0159)
0.0245 (0.0127)
0.0234 (0.0241)

0.3473 (0.2477)
0.3056 (0.1999)
0.2932 (0.2144)
0.3109 (0.2035)
1.3205 (0.1804)
1.3242 (0.1771)
0.5252 (0.2984)
0.5231 (0.3439)
0.9077 (0.2488)

0.0236 (0.0099)
0.0235 (0.0098)
0.0156 (0.0063)
0.0171 (0.0066)
0.0043 (0.0027)
0.0040 (0.0025)
0.0204 (0.0088)
0.0174 (0.0042)
0.0082 (0.0040)




Soil Phosphorus Fraction Optimisation
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Molecular Hydration Free Energy

Optimization
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The effect of number of data points per
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Conclusions

1.

To alleviate the scalability issues of standard BO, we proposed two new
algorithm gPoEBO and gPoETRBO for global Bayesian Optimization with large
number of observations:

1.1

1.2

1.3

1.4

1.5

Ourﬁroposed %POETRBO algorithm and TuRBO achieve the best performance on all 50D
synthetic benchmark functions compared to other models;

Trust region based gPoETRBO matches the performance of the state-of-the-art TURBO
algorithm and achieves a better accuracy on the Ackley function. The runtimes for
gPoETRBO are up to 10 times shorter than the TURBO;

The gPoEBO algorithm showed the best runtimes on all functions and the best
pergorlmance on Levy and Rastring functions compared to other GP experts-based BO
models;

Experiments on real-life problems with up to 10K observations showed that our proposed
algorithms are efficient and scalable. The gPoETRBO achieved better accuracy than
standard BO with 8-10 times shorter runtimes and matched the performance of TURBO
with up to 6 times improvement in runtime;

The experiments with time restricted budget on 20D and 50D synthetic benchmark
functions with time budgets of 5 and 15 minutes, showed that gPoETRBO achieved similar
or better performance on 20D functions and outperformed other algorithms all 50D
benchmark functions.



Conclusions

2. We have presented an approach for performing heteroscedastic Bayesian
optimization using the generalized product of experts with excising
heteroscedastic acquisition functions:

2.1 The results showed that GPOEBO had at least 20% lower mean absolute error on all
synthetic benchmark functions compared to other algorithms except on Sphere function.

2.2 The MAE for GPOEBO was up to 2 times lower compared to MLHGPBO on all benchmark
functions;

2.3 Compared to the other product of expert model (POEBO), our proposed GPOEBO model had
between 16% to 315% lower MAE on most benchmark functions except on Sphere
function, where the MAE was 75% higher.

2.4 The results on real-life scientific problems showed that GPOEBO_HAEI and GPOEBO_ANPEI
on average achieved 20-30 % better optimization accuracy compared to MLHGPBO model,;

2.5 Finally, we showed that optimization performance for our proposed algorithms is sensitive
to the number of points allocated to each GP experts and its performance can degrade
significantly if the number is set incorrectIY. Our experiments showed that setting 3xD
number of points per expert for each problem was the optimal number.



2023/2024 m. m. | pusmecio darbo planas

o Laukiama antrojo straipsnio priemimo;
o Daktaro disertacijos svarstymas padalinyje ir gynimas.



ACiu uz démes;!
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